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Differentiation and it’s Applications 
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CjLlUaJI £ J = jjJlLq ^-S Jl^j 4_ajLaJI (ilLtuljJ ^_3 

\j £ I 4fl?wo^ll j <La ^_lc. iiualJI 4-11 jJI fl?v /7il 4j-LLi » Lc^ ^ 1 ^ \ \K j~ Jt^jJI 6 ^_Lc. 

.4-ilJUI JljjJI 4 11 JljjJJ 

O \k"\& i^uoi ^ JIjJ i—S jJLA^ 4 n ft a II JjLlIxuI 4_ujIjJ 6J-& ^-3 
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Parametric Defferentiation 


Differentiation 


Higher Derivatives 

Qpoli^o 

First Derivative 

JjVli&iJI 5 

Slope of the Tangent 


Trigonometric Function 
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Equation of the Tangent 
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Explicit Function 
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Equation of the Normal 

ijz j^jJ! 5J iUw 

Implicit function 

i^iJb 5 

Rate 


Parameter 
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Related Rates 
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Implicit Defferentiation 
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jup aJIjJJ Aiula o-u>-j 1S1 J<-_j « t[ SpiJl { Js* JIaiu3AJ aJu!S 3 a3!jJ 1 j jSCj -t 

.S^UaJl sUA a! gfl) 

jlT li^iaaSj IS! JjlSii^) aLIs [l_j < f] A^ijcjl SjSaJl ^Js~ AS^juJI 3 aJIjJI j -® 
]^J C ([e^ljpjlaui!^ aJuIS 3 CUlSj iSyj a 3 ("c_j) / 3 t ( l)^ y JT 













_k. 







\ 

/; 

? 



/t 



f 



a/* ! 

d)* 

= u0 


j. 

* 

— 

; 




1 3 


i- 







J' r 

! 





r J- 


(jLalUi*ifl Up! ! jS”Jj 

£3l.(^)'.u[o-).l]_L-\ 

O'-* 


[' [oIAlj 

^ Li = ( 1 _ r -)a ; 

a *U = ( cr -)3 5 

5 


axM.Lu. 5 fl AKIh.nall 

Trigonometric function 
Drivative ajcJl* 7 

cof(x) ^ bds» 7 

Sec(x) ^ U ; 

Csc(x) ^ bs 5 



.i-Up 5~xU- aJT 5 


(u-)'* 

(u-)* 


(£. 3 t) t 

"^lT j 

(£.3j) V 

lT 1 

( J lt) O' W- 

lT^-- 

(V) u-^ 

u- v « 

(V) J*u> 


0 


JaliiJIj JxililJI - $UxJI clxMolxJI 
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Implicit Defferentiation ^ 1 o<ATt 

explicit function A>d aJIs ^aj (^)a = jcs Sjj^sJIj Ai^> ca AJli Aj&Aa dl5 Jjz— 

■ (J"'" 4 O’ 4 (_5^° ^"“^V 4 (J' 5 Aa-j ^Aso tO-»»c>- ^ Aal^uJ i ^JcuJJ 

•■■‘|^ = o* ‘ Or + ^'O^j* « r + ^o-V = j^ 

= V ‘ (r + ^r)l^r =v < V '*= V oj^dJ 

: Jia ULa c (j-< I^^so AJiUcaJ ^ ^JCuJ\j aIsO!^ ( j^ Oj\5" \-a\ 

(v) • = ^ - V + V * 0) • = 1 - o° + o- 

AJ^AjJI JjP j-ju c fjn {jo implicit relation AOa* 2 AS^Af- d_S^*J AJiUca J^S 
.^Ul lala>Oa P A*3lj c (j-<) Alai?) 

: jl 

: 6jj yj' \j • = 1 - + jj^5 AJiLscsJl Ajl^S"” ^ 

^ — =JA» .-. $- = 0 + <J- ) <J^ 

\ + JM 

A3b AOa^aJl AS^AjJI i_S^ju aJUJI fijjis 

^ti\ ((j^s c (j 4 ) JaiJl Ac-a 4 ^- 4 
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jjaj cOl Jl>-j V* lajlas ci^i 
ji Ji>-^j (_j— JajJl jLli-1 
A^li Jiuj V ^ = ^ AS^jJl 

^ = V j^ j' 

\r - ^ V ± = O^ •'• 

A** ay?' i A3 ^aM 
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C-.»lig"> (y^> y?) 1 JliLSVl) A»»oy?" aJIjJI Jl2iS\ aJl*P 
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Parametric Defferentiation ^jbntjLJt 

j bJU (j^ ‘ jo) ditHb ^ilbl ^ylJbVlj 4 ^l*bl j-° J^"" 0^°' bl, 

ijbibaJb O^ljUl J> b^ujJl j) 
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Slope of the Tangent 5 

Slope of the Normal J-- 5 
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^ Y£* = (j^s : jl Jjso ( \ ) 4Jilx*Jl j-aj /*-*" V • = ^ -Up 

x — 

0 / r jl 

^lill iJlill ^Jl - ,_JU=JI 


- = — : jl rt^J ( Y ) ^iUtaJl 

0 ^ J* — ■ 

ij JajiLsJl Ijju^a iwJ^laJl jl (_gl 


ij* Jt* ^dj'j 0-“^ ^ : o' J°j * j M 
j A^ujJl) JjLkAiL) — = 0 L>- 

r v- = o/\-- = ^jS3 

4 /il _ 0 i . 4 . ', N _ y. V- 

1 v =g* •• vo. 0i ro. 

O/ Aj^iaS > _L y fl3 Aj jlj ^ J Jotaj j^asko Aj jlj3l ^ks jl <_$l 

jjG (ji j^Li Q 

U^kM Jjjjjl Ik . JajU- (JlP AS AJisl Jsj\ (JtP AS _^kj ^L, j£jjJ j^lm n^ip (Y 

Aj jl__pl (j-'Ls (j jSvj La.UP (_g ^L*M l_S^kM J Ajca Aj>-jl 4 O/^— Y * J Aji*j JajkJl Jjf- lA*X^a JuLkl 

-y- jtrf 


Jj«j AkS" La co/aj>s 5^ r * * ai^)U s^s^JI j\5j \lk \ o axL^ j^lkjl i^iiLi JlI^JL 1 

fAS^kk^ Aii>J Jjjo A*j\j Y . 

4 J-ajD A^Jll Jjrf ^Ju J-bta 4 (• = j Alp ) qu j^kieM ‘Lo\Xl> S $\ Aa_JsM *q* Oj\5"" lil^ !A«^a 

j Jjjaj Aj«j j . JluJI Aa^S 


h -O" = o- : 0^ 


.dLokO ks-i+a j>a jjJLs^k j x — + ,±! = ±! as!}LjJI jjjLJl asL ajj ^s 

^ j i ' 

iULukl J^° (fP 

O/a^u Y JAjlaj Ajl__p JjVl J ^jk jlT lils i*j\1 4 Y AajLHM *}^k A) rP^ oka Y 

.kj/ \ jAjtaJ jj^asL^j ^LtM J^jk jlSj 

O Y A*J ok*3l Aj>-L^a ^Ju jAjca Aj>-jl I 
YjjkkJl I^jkula kka kJkdl I j ua ^*2J ^jla V 

J^J'O 

4AJU 4 j SjAS j-aj A*J AkilaJl ^5*L>i3 4 ^ jl I 

: 0^lP' LS® ^'j 13 (“ ‘ lY 5 ‘ (J - 0-^4S- O-AiaJl As-k^a » 

^ o-n = ^ 4 jY + \y = ^ .-. 

^j- r-' r = ^ (o - n)(jr + \y) | ^ x ^ 

j-ajJJ A^JL aJsLjlJI t _5^ 5 (JLSlAiL) ( j - \"l) ( j + l) = ^ 

o/v jY - \ . = (j - \i) - \ - x (j - -i) = ..-. 

k/ A— 4 1 = (Y) Y - \ • = okajl As-k»^a J^jo jAjta .'. OY = j AlP 




ekliiJIj Jiilikl - $Ukl oLuiaUJI 4-.LS 


0 - \ a u \ ^ \ r*' v v-t > 


o y = j j - u = j + \r jjSCjtf = j-Ujjp V 

j^jLu^a \xiia ^jla 3 l o -|j- Jj«j jl 

jjij j$i* Q 

i/ ^**>\ (J >XxaJ 1 ^* 1 ^ 4j *Xpl3 cO^\dsiL**-a . /V 3 CYW i ^ 

Ap\j2jj1j ^**>0 AjApIS J J) La JJLP Jjl^p JAjc« Jc>-jl . $/ V Jj^co ( j^a3 AP'LfiSjlj 

J^P v^^Lds 2 £*«-aJ 1 Aj 2 -* 3 ^ A*»j c^**»Y • 

JJaJI Jjia Jduo (^) 

^lajjl j\5"" 15U 16 / \ , V J-bcaJ Sal^ija^- aJtf-lS j-a \j^JLa Jai- ^9 \ , A rfjjla J>-j j— J t 

j^p o 9 £ o^L^Vl ^A*y 2 a 
. J^3l Jla Jjls ^JuJjjta 1 

.Sal^Vl 1 _^U i , A Aju Jj >^1 LaJJLP ^<^1*31 Jj>y I jj-ilj Jj«j ^Ju J-bca V 



JaJN 

4 la S »H i6t‘\y9^\ i^aP *-J t JiaJ iJjliaJl ^j9 !4JP«L*JI 4 ^-J»»j 

: jjSCj J^ll jii 4jl$j->- AaiLllj cj»^pl -®i JiaJJ I 

. 6 * 1^1 3 jaP oApAS ^P Jj^II Juu cj-fls = ja 

•J^V 5 ' ->- -» = 

^ J^)l ,j-lj Jjl; i t = i_9 

iA ~^ V IA V Aj\ 
c* + O- s M ,^ -^V s _vj_ ... 

^ ,A _?-_a _a i 

^ajJJ 4 .«.,*J.Hj 4)i\jL«Jl JjliLJub (J - = o' 5 ^ 0 J 






j^ r 


ji 


(j) j J (A :&li 

j ^1 4^>j3U Jfli&aL) ^(V","!) + = '"^-3 


o/^.,^- = _f < 


ji 

\,t- > 


JaJ (j\ Q 

C, \glaai 4 ^a 9 l j^j' t ^ 3 -Ul^J cjllal 0 i o i I IflsU ^ «L^« a (t 

Jaj-ja J-bta Jj>-jl 3 / jla Y JjjtaJ jj^JI Jjf- IjjCi^a | liU .jllal X 4£-lijjl ^m\j ^Js- 

.j^*Jl 4il?- (J-t^SJ LaJ-iP u i_3^1aM 



^lill iJlill ^Jl - ,_JU=JI 


iULuJJ Jduo (^y) 

JXw ejj^as-wJl 4 j jljJl ^y^tJ ‘ A/ r**" * , I J X*aj L^la J5"" Jjl? XljX olia ^3 jL*lxs ( 0 

.^*a\ * dJciaJI ^yL^\ J^a yU s jT J 1^*3 ^iJl 4ii>JJl Xp C-JiaJl A>-U^a j^jCj JXxa ^\j .O/ — 

J=J|<0 

^f X>-l J 3 j j 4Xaj 4ii>J Xp (j! jijii IaLSwJ! 4>-Xaj 

U^X»> 4 j jljJl ^LBj / ‘— ’ >Vi J jisj I cJiidl 

j ^jS aLIS Jlji _>- U I cJdaJl Xs-L^a c ^_>- 



: f C 


j 4^>j3U Jjlalllj ->- l>- / 4_) I - 

[Vll^-^-V 7 + [-~U] ' xl 7-44* 

(Ji ' iji ' LjJ 


[AL + v^iu i + 

jj • ui • • r jj • • • v 0J 


0 ji ji ji ^ 

^jLxa oJdJl jjSsj * oliJl ^Uis J5" Jjls jj^j laxpj 

( I ) ifcUN j ^ t>. « A = (^\)o jU 

M-x' li- 

r OJ 

.~rw._ 


I A x \. x r| XV X 1 1 X 1 

:L v* J v v 0 r 

o/y-°, An ~ - ^ 

0/ 0 , All JXxaJ aIasJJI «Xa Xp XlyS oJdaJl Xs-L*ca (^1 

( j i j$b. Q 

^jLo / L_) ^Ju J Xxa jlT l SI 1 41)15 41s-L«aa i -j>- ^ 4j jl__pl ^j\i oil« s~ u I lQ'~\lllloll 0 

.^A^gL^ / L-> Ia* 3 jj^SC I aISj-JJ I xp (I \ ) <>_j t I jjjo J5" ^Jo J Jjta x>-jl3 o/^-A 


:ISLJ djioU’ j_y^3 J xlyi> jjAiJl) 4 j jlj (jaLS) fjn jlS^ ISl^ lid Li jifioj 

• = XP JjjtaJl jjxcfll) jiaJlj ^ 

= jjrf XP 1 ^>Jl AjIJj jji Ol A JXxaj Jla3l ^ 

= jo xp JiiJl xljj jji 3j^a Jxjl*j l*>- j^isUi) ^ 

c,\ .j.all . U^ll Jll0 

xljij ( 43 I) AajlflaJI 4 c(_^**al) j\xM sXi O c (C-J_j3) (3 -^- IS\_ cAjilia Xj S^jli ^ ' v *l . 

yi\ 4li>JJl ^3 XajlSaJI Jx>ta X>-jl JL )/ y JXitaJ jlxJl 3X1 j^asUjJ c O /cJj3 I JXxaJ Xg>Jl (3 

. j-^al V = O c xJ ^j3 \ X = _>- 1^*3 3^J^J 



JaliUlj JiililJI - ax^JI oUXjU^JI 


® - \ 1 U.,~<jU jjtl ~iV.t«tl 



JaJN 

4^U)\j JflaUUlj ^ x O = -?- (jl *i*J 

jiC jj u ji'' 

= — -i — = ^ : jU y = o c cJj3 \y = _>- .up /. 


--£••• f.niixr.,0^ 

o/ V 4li>JJl fiJub ^jS ilajliLdl J Jjco jt (_£ I 

JaJ <jj Q 

.d / j^~al y J JotaJ jlull jlT IS[ aLajULjl Jjjca Jjjdll JllsJl *V 

bliki 

Jj| wUaUo Aj jL*M ^jLSOlj Aj^jIjI i3 i^l ^ :^jhll mnn'i 
^Lp ^ » *, * /* « > aS^^- ^1p Aj^S^all i^lall 4^3 

A3^L*11 llflj JjljJl j>o 0 l^LS AJj'jJ 

cSjdJI AP j— (^) cAd^fl 4»oil>Jl aJls^P- (j) d^p- ^ ^ 

Aj jlj ^Ju J-btaj OljLJl AP j-a ^Ju J-Uca Js\-Jj*^l AliUca Aj>-jl c^oULall SjJ li 03 >.CyOl J (-^) 

.4j jS^JI i SjS ^ilad OljLdt ISUj .J}. i J^a 

®L (o - I ) U-ujjlJI u-JjI_oj 



:£UaxaJI .".I .l^yi j<> j/> <^.^,11 dla^l 

: J JotaJ Ali>JJl 4 Xa> .UP Jjjj S^jil.01 la*>va jU d/zv*" J Jjl*j S^jili jla£ >.Cy4i J ^ia alj 13^ ) 

' 7 T. ' 


^/f-A 


‘V, 


r a 


d/^A V 

7 r i 


o/ r - 1 


j ^ j5sj la.UP iw^s»SCaJl d>^>- J ^jla ^Ju jAaca jls d/^^d JjjcaJ aISIuj Ua a">^a ^ v_*j»SCa i Y 

O / a^u ' 3 ^ A Aaj>t>- 

1 4 lie A_ V J_ ft 

1 1 \r \v - 

4Ajfc -UP (jl® \ - = JUP O / 3U>-J — = — 7 0^ <■ '"(J - = '"(J^ LS^" ^ 


O / oJo-j 


.. ^jLuJ 4li>JJl 


r i r a- r G _r n 

r i a ” i " 

J Jjlaj jj^asluj A la g ll \ ol^l ^U^ull (jlSj — = La Alafl) JUP )i = ^a>U*i3 |_^*<a (jlS^ 

d / 4 Jj>-J ^ jL—) J Jjta jU O / OlAj>-J r 

1 i 1 fe 1 o i ft 

r n r n 

j YV^j ^lill dlill - dlkJI 


4j I aliItJ j aiaiavi 


1 J -*jo J-bca jlT lils • = 1 - j<a A + jjrf 1 - ^ tj& + 4^Jikca ^ 


Lit epj 

* ^yk- 2]a2j ±! ! 0 


•0 4^jJk ^ik^all ^Ju Jjjta Jd>jl (6 / OlJa>-J 1 ^jLo (\ cf) 4kiJl XS- j-ajk 4^J\j 

Jjjta Jj>-jl .O/^—u 1 JjjtaJ ks^la5 I ._ jyS) J ^jk AjI^X) 4j^jli 4j>-^a 0AJ^X5 4^ Lu Bj^snJ ^ y>^>- kfl»u "l 

■ jl jj o 4jlgi ^yj 4js-ja 3I ^tk— 4^-L~a Jjljj 

<X>~^ 1 i Cj / ? ^ V ^ *. l ^ <J^k ^*ju l) Ajca 0 1 Jj>-^ *" ® k ^Xc^Xi Ib'X? 1 ^yk- akr.«.& ya V 

.^m \ • J^jk k-XJLP 4gr»ayaH 4>-k^a ^yj _^JuM J Jjca 

JaikJl jlT kls .o/ SjjJ C-olj JjjtaJ l^«J>d>- jji aijl c4X>\j IgJjl __P“ 4 j>-j 3 jk- 4,a^kca 4k5^ A 

J Jjta Ja>jl 0 ’ jjSsj k-UP ^ ^a>- O \ • • * Jiku JaikJl jlj ^«Jl L**5Cf- i ^*\Xj 

. \ * * ^1^31 ’^ ky '2-)' \^^S* 

jjlkli ^la3 >wa. ^a .) Jjk jJii Jjoca JjvjI • J-bcaJ jjlk j^a jk- ^ 

^k*Jl ak-Lwa ^Ju J Jjca Aj-jI ^ \ • 6^03 < Jo^aj > J jl a lfc3 j j£a ^ 1 4k>JJ 1 ^yS 

.4k>JJl ^j^aj ^yS j jlUl ^y>-jkJl 


V 


l-S^kll ±! _pJ lil^ c4ksl jOj\ ^yk- ^yLi*Jl 45 (_5*^J -kjik- ^yk- ^ jkJl A3j1oj j5Cj^ jkal 0 4jjk ^Jl-/ 

Jo-jl ^j-a jkal 1 ^kjjl ^yk- ^ ^kJl (wS^iaM j ^5sJ laAJiP i/^*" 1 J JjtaJ JajkJl l j£- ^yk^Jl 

.4li>JJl sijss XS- j *kJl 4j jl__pl (j^ki ^-J>J Jjota Jo-jl c^JuJJ ^ ^kJl l_S^ia3l {J^jj\ jAjta 

'£j2- ^^3 £-kj ^tla^ ^yk- I 4 la a > i^ £ '^ C*"^J k^lk " 

AlP V • • Jju ^yk-j I 4lae;ll tS ^yS u 4iaiij J^AP j jJkll 

c 5 / -*♦ , \ V JjjtaJ JjI^jj k>Ja>-j5 j jlkM ^IflJjl 4 j jlj X*Sj k 4li>J 

.4li>JJl eidS ^yS j jlkl ^kjjl Jjjta Aa-jl 



i6/^ \ , X J JjtaJ jtlal r 4pkjjl ^kdia eAplS < j £- 1 JXXa \A' 4)^1 a Ja>-j ^***4 ^ 

4iaaj j^ylpk jUl jlS^ lil^j jla J jk _^Jo J Jjco Aa-jl 

JP- Jjl 4 UXP- -^0 Ig—Ls 4 j jI_^j (_yk- J^-aJ ^WaAll 4*5j 

c 0 kla y = (j* jl OJk 1 jm ksjji 45 L*u4 SapIs 

.^L*tdl eApk jP- __^la T,! 45k^a XlO laJJP- 0 j^jo Jjjta 

4kku J^a j\T lii^ . V \X • 4jAplS J^jk J k ,J^a i^*k<a 

J^jk 1^*5 ijj^J 4k»kJl JJP- Clkiall ^-Ja^ 4>-k^a jjdiskj (J Jjta Jd>-j\5 c4P-ku/ V* J JjtaJ jjdlsUlj 

.eAplall J jkl U jL^a jkLJl 


ekliUlj J^liUI - il^JI oL^UJI V L5S 


0 


1 ^ 0139-11 lA^-Lo 

Derivative of trigonometric function iiiliaJI olaTwn^ 



a3\j3\ 

y ^ 


c-jifjiab 

y\=r- 


v^-Aha 

^\3 

j- ^ 

JlflNSJb 

( _ r - v hs- 


JliiJla 

J- Hi (J- IS 

j-ls 

^1231 53b 

o - hs - 

^hs 

^isls A3b 


Implicit Defferentiation ,-^M j ls~ A, Ml 

jl (Jrf jjj 4 ^uJ\j 43^*31 (3^ i-.AIg"> • = ((J<g 4^Lci^flH 

j^j^iUuj\oj^\ss\hj j* 

Parametric Defferentiation ^jXaljldl jl 57' 

+ ^7 = -^7 x = — 7 Oj^d ( o)j = l / 5 ‘ = 

Ji Ji ui lT-^ 

^-**** > »^^ 4 ^ 

higher Derivatives of a function illjll UU.II oLEIAaJI 
4.a i . bJ ' jys l«.jj olihJLdl 4JulS 43b i (y) 2 = j' 5 O-ol^ b| 

-y- — AiJViJ \ 4,a i . L o H j jl — j-ajl\j 1^3 j-ayj L)uJl oliLiuJU (o.u>-j j0 

cT ’ 0*S _ ‘ ^ \ i 

.1 _o- J>3 -r^s-^a iUP 3 dUo- ((_^) ^a jl — jl y _0l> 4*3^31 4.a l . i u> M j 

Lr “ °yj 

quation of the tangent and the normal to a curve ^ Wml (j^LuJI llljbua 

:30 aAs* 4 *sl j)\ (^y> C NLr >) 4 kaJl JUP (j-)a = /» 3 ^ 'H 

(\(J - - <J*) f = \J^ ■ d° '■ L5® (\0^ ‘ MJ - ) ^ (^>0*33 ^UJl AlaUfl 

\ ’ 

(\0*~0*) ■ — - = \(J^ - (J^ 5 : (_5* (\(J^ ‘ MJ - ) ^3alJl JOP AlaU^s 

Related Rates 2 U r, iilajJI ch ja^JI 

Js 431^31 43b y> 3i l 5^ 3 3-iP^ 3*J U?.' yf^ y° 00 ‘ 3 3"iP^ yf^ 3*J io" ‘ (ij - ) 5 = o' 5 o-o\5” b^ 

.y> ^apl J-buJlj ^ ^Jc3 JUauJl 4S3A*Jl a jjfc -^- — X — = 3^. — 0 3^P^ 

■ jj-apl U03^J ^Jctcjl 3^ C?-^a JUjuJI 3j^J 

.^.*01 u>l3-^ la| L33« 3 ua 3I o^^d 

^lill dJlill e^JI - i_JLkJ1 


Q 


(LoLc j_jjL_oJ 


: alhxrtJI .I^VI ji. j/> 3^ '^.^.11 d_iLi.y I jiil 

( ^-Yo* <J- V ^ i = J* jis' 151 V 


TVi 


; (ij^ ( -y-) ^lt 9 = 'H ( 5 

a * TV i e ^ 1- Q 

(V c r) dlaiJl JJs- i \ X = (j^ 1 ^yX>vuJl aIkjj T 

^ i " , r 

r * T e I--(v i-i 

r r 

<u«J\j ^ys jm Jjjua jls c 1 - V j = ^ t V + r jV = ja j\5^ lil (t 
u 5 i ^ jr V jr ! 

■j. \jbjka5 ^ Ja^gj J jl g jig Li/* Jl X « J JjcaJ Igls-L^aj j/ ^<V J Aj-sj 5 y\i jla3 i_a.^ A ) J jig Jj'jl) 0 

*^*4 


V (^ n ) ^ 0 - ir* r e 

^rlk^rls ^ 



:lS 3L Lac 

(T * 

O* 0 ^ + j* ^ ^ Y his + j- ^ 

A (\+j- JT) r \ss r X 3 

^ S_y|jU V ( ^3 Alaaj f :Jj\JLj' JSClM ^3 V 

:SyiJk3l jlai i_a.^> J jig d^> -^ + j** = ^ I io 

0 -0t») ^ = j- j'c~5\ 1 

-^- = 0 la.U£- 0 ^Ju J-bca Jo-jl V 

•j* JSO 3jj^ 5 Ja^ji ^ -^— - Jjvjl A 
(_T 


r = cr'W- 5 3 = tr* V + <j^ A ^ = V + o' 5 ) + v (' 1 " - a") * 

v — — - u - )0 1 ' + ij - )^ ^ 

<T = (<J-)j ‘ T— = (o-) 3 'H 1 v 


: O* ^ [ (lY) ( J 0 3 ) ] r -Tj' 

I T 


0 


J^liiJIj JiiUaJI - Sl^JI oL^UJI 


o + ^ rV = oils' ISl U 0 


’ = 

• = V £ 


+ ^ -* 

V-* 

J^-S r + cS i 

\?i VI 

+ ^ i 

<r* V-* 


^r) jloJl 
jloJl 
^o' oil 


bUaacJl JajjJl X 

(r < TA) 

/ \ 

V T ‘ 

:£lia» jl X 


(^(1^ = 0^^: Oi^ bl V 
'"(j-j l>- u + lo- I = ,ja Oils' lil^ ^ 

ajljl OlXaXaJJ jj^IaaM ^Jilaca X>-jl 

\r = v j^r + “T\ a- - V (j- ' 

o* * \* s r o° - o° ^ l®~ lt 1 V 

aUljl OlXaXaJJ jj^IaaJI ^Jilaca X>-jl )Y 


(- 


• = jxp \ + jn - r jr = J, cr + jr + v j = ^ i 

|= 0 o 0 Ua = J aa <\- 0 v ls = ^ v 

V * = ''(jaa + ^ ^jOXaAJ Ajp Uajl cOlil^aJl ijX>tjl OkiiaJl Aa>-Ui^a X>-_jl 

.(l - < \) AlaiJt XP 

.J^aa^fl A la a i XP XalxJl jl*ia\jXa (ja< V" = (jaa V - '"(ja* £ = jaa^ + ^(ja? jOaXjl jl OX’l \£ 

c t) ilkiJl xp x = + -^- ^ Jl ^ r = ^(J^-) + l3 (^) ^^xxjl jl oil ® 


. j i»J ^SO U^a 

£ - V jf + r jr = i_S j^_plj ^il-*ajl j*a ASSUl OilSj |tiXi Jaa- ^jS Aaila Alaai oS^ao IB| 

. jl r Ajlgi j^jl' 'OXJlj 4iU»uJl ^Ju JXxa X>-jl . ^il jJL j tOl jXO] la i_S o ^>- 

j^l AlaaJJl ^3 AXa-L*^a jaiai Jx*a jl OXl a O/'”^--/ ^ JX>caJ jUl AO _^lijlj a-^l^a ^j^S' j^Jlj @ 

.o/ V ^*x ^ (jjl-o 0>iflS OX Jjl» l$X jjSC 

(£ - £ £) AlaaJl Xp j-^jl^ A^o l la ^x J l l^tj lda-1^ jj^-a jlT lBl^^a£ = ^aa ^*aXjl ^1 p J^ada A la a ) >A 

. j-ajJJ AOJU (JixaJl lg*jlX>-^ JXxa X>-jli o/5x>-j V ^jL^j 

a X> j \ j 0 j XcaJ A^aa^P X l jX 1-aXj £ da / V j XcaJ Aj^ia ^jaa3 lx> \ * A^aa^Pj ^ ^ V £ Aj^ia j«la*<«*a ^ ^ 

j ^jSsJ ^ . xljjl jp Aa-L^jl AX £_i3j^J I^jjl j^_pl O-jl £ jl Jj ^ i*J AXa-U^a ^-Jo Jx>ta Xa-jl 

4 ^-UaxO 

^jlxJl Ai^la ilaujl JXxa X»-jl £ jj / eX>-j i3 JXjl*j (_y*"lj JflSl>- ^Lc- ^ ^JljJI aj^la J __jiaJl <0)lj ^Jua V* 

. y = 0 lx O 0 Aj jljj ^al ^31 ^jlp ^LJl J-a*j laXP JaaUJl JjP 


'H ‘O/^f*-^' J>a 


- ibjJ AidplS ^Lja J ijla ^jLu Aplaijl jXxaJl j-a ^liXa ^Ijj iXX T> 


■ AiJaplS ^L*aa J jla Xa-jli o/^*a • , • \ ^jLaJ AidplS ^ija J jiaj ^^31 ^Iflijl j-a JS' Xlji JXsta jlS' 


□ 


^1111 dJliJI OaOl - OlkJI 


Ai^is jlT .Ajisl jaj\ ^JuLJl ASjlajj \j JajU- ^Js- (J jJuJl di^laj .U£.«j ^la V ,1 Ajjia ^Juu YY 

i]^>J jAj«a Aa>-jl . JfijLsJl J^a ^la \ Jj«j ^Ip j j$>o laXP- i/ ^la i JjjcaJ JajiL>Jl JjP ljj»X*a i3 *J\ 
.J&*»- J-a 4j j|j jaLi ^Ju JjL*aj ^ ^LJl A3^]a 

Jjaaj o/*-**/Y Jj^fl fi-bu Jjjta jlT Ol \ J^a \Y ci cY silaol 0^\»ia»,..a ^j\j*a YY 
Ak>J ^9 (jjl jla ^J>t>- -bs-jli ‘ *— '/^" ^ CbJ\i5l oJuo jaasUj Jjaaj ciij/^\ ^yliM sJju 

. A*jU Y Ajl^j j_j 9 Aaj>t>- ^ou Jjaaj . j Abaj 

Jja (jl__^>Jl _jAj .\jZa Y i Igj-XplS ^la9 J Aaj\3 Aj ^jil,i Ajl ^plaaa' jSsJi ^Lp Jj^X> ^ 

YjljjJl ^9 Jj^lJl j*j u Jjaa l*i t 3 / ^Y JjjiaJ 

XtuJj ^jlp 0^ “W^j *J 1SU 1Y «jA3 C-j\j JAjcsJ ^jlp^ CLulj AjijaP 3p\ia ^aj^S TO 

^\ 0 • ^lajjl ^Lp j jSsj la-UP 3 ^jUaJJ JjaULdl ^kj £^Ia>jI Aj jlj j*j u J Jaa Ja-jli c \^^^£9ja JjP ^ \ 0 * 

■Jo}i\ ^k- Ja 

AjlgJl ,k>- Ol jaa\5" ^*^>4 Oj\5j cAjlgJl ,k>- skj\j ^Jjl*aa jka ^9 ^_*P*^ ^ ^so ‘ _j*a \ • • Jj ka ^9 Y*l 

^Jo Jjaa Ja-jl . JjaiLbuJJ {£ j fL*u * 3 ' jkj ^j9j (3L»Jl jL^a ^Js- 4j3jaPJ jlxal 0 4iU*^a ^Js- 

J Jjtaj (3U»Jl 4j\^j (ja j\Xal 0 Jj«j ^jlp j\5^ laAlf- * »P^\3l 55 ^>- Ij^alSOl l^j JJ^> 

.o/a\ • abl^jJl 4kaJ 4jl 

jjdl (J Ja*a O / Y = 5^ — vJIa» , >o jja + '"jja = jj<25 531 jJI ^a>tiLa ((J' 5 L J*) I AkiJl 

j s 

1^*9 j j5sj ^jX3l Ak>JJl (l L *) L-J AkaJl c A lag) (j) oa- ca J I oilaJl Aa-L**a ^9 

• Y 55^>vUlJl AkaJJ ^LaxJi 


www.sec3mathematics.com.eg jj ^ i g ^ji s>j oLjjJIj aLjuSm ^ jb^j 


Jal^iJIj J^lilJI - Sla^JI oLabUJI 


Q 





:5UaxoJI Ci l »l I 3jLa.yi jILkl 

: ^jLJ (A) /6 jU ^ = (^)a C^lT \>\ © 

i(e A v A-Q 

r <\ 

^jLC! ^ - — c(i if-) AlaiJl Xs- : jU = ^ — O^>o - Vo = '"j^a ^Jlc- 4 laij i 3 ^>C j Y 

« a A A (y A_ I 

<\ i £ 

:^jLJ (^a jU 0 =jo £ + ^ (\ £ \) AkiJl Xs- ( ( _ r -)3 = J^>X JJ 43 aLw j\ 5 " \SJ_ ( V 

i- 4 £ > A_;y r- 1 

: 4 lg'a^l) jaj (Y - c\) 4 ig’aA JCP 0 - ^ (j“X = (j^a £ 

(a-£.) I (£-«r) A 0 <r) v (r- t o)Q 

: <LuV I <U1 ujV I jt 

^ ^j' r j-j = j^ ‘ X 0-0 = 0 “ 'H ( 0 

(J--S 

1 = j Xs- ^UuJl AJalaca r - j V A = ,j£2 c j "l - ^ j = (jj Ujs jl^jy<alj\Jl jUalxaM ( *V 


~ (ii £ * ) V ‘ (* ‘ J) t 'H® ‘(J - r = 0° Js CJjas 


- 4iaiJl < 




— + J = j\ OJl jLs-ya jboU A c J 

“ 0"-* 

£ - = ^ XS — ^ + “\V _yu J-Xjca Jas-jl A 

' - lT* 

-1L- = XS 4Ji\jca Jo-jl £(_)-! ^ Vs - \Aa + £ = (J<ia (j\5"" 1S^ ( I A 

.4is-L^a jAaaa A?-jl o/*-£ * , V J-Xjcsj j \ * AjJl^s J ^jla a ^ 

1 SjJsaJ \ Jj}_pl liU £4 *asI jA’j' jj-SM AS^lajj ( ^lj AsjU- 4*5^2 Jj>-\j jlXal £ 4 )jA> ^Juu 

LaJCP ^%AAJ Aa^j& <J*Ajca a. ■*<«»•>- i . Ca /*-*■« V* Aaal^Jl ^jS ^aj^M ^*^a^-aA 

. AA l^uLJ 4a jly (_s^" (j 


:jS II J jX>Ji xUx,yi dJcSU, Alc-Sfl oJla Jb-1 ^ ^kcJ ^ lil 


> * 

< 

l 

1 

A 

V 

A 

0 

£ 

r 

Y 


Jipy’j 

0 

0 

£ 

r 

r 

r 

r 

£ 

£ 

r 

r 



j TT^j - ‘T JU = J ' 




(^\"\\V - \ oo<) Johan napier jauU o ^- <s ■' (_yJI 3j-mj _a> cgjj *_**!! jj-*JI <So^jJI 4>3 js> ^ 

4-L^l eft ,nLl 4-iujJ ^jJI f-lL*U La-ijSft Euler jJj ^jl JJC 1 1 A 1 ll ^ o tin Lo£ tpl ' iftiLljJI ^yj[ oLoajjLcjIII Q o jjiol ^jJI 
J[$jJI (jjj Jajjj ^yjJlj oLuiabjJI Cu|_JJ 3 mo-^ juil (jjj • = \ + ^' — & 4-fll <n~'*\lj 4j 4-kjjjdl JljjJlj 


.3j£>JI 3^1 Jlj Jlj 3/' ft oil 

LlLul ~w~ I cxo. tCili-iALjJI Q j 4_j_^bl 4 J V,VN AVAN AVA1 LLijift ^^jLuu ^ » <■■ » j_i£. ^°'S^ jjc a> jjj«JI^ 

aiA ^ [In (x)] ^ J 5 0 »nbll 3Jljjj < [exp(x)] 0 »nKII ^LoSlI olj 3^1 3JloU 

^IjAUxul J-O (joKill) 4 ,1 ni*\ * II Lfrjl flj nta i»U.L< j Lftji S7v ntAJ JljjJI 6.1& ^j-Q 4 _luIjJ 









Exponential Equation 

Common Logarithm 
Natural Logarithm 
Napier' s Constant 


XJ-iLfc* 7 

5 

J~M CU;L* 5 
ion LS ^j\J>ji ; 




ij a 

i_r“^ 5 

^cr-| 5 

JjUij $ 







Natural Exponential and Logarithmic Functions 


LQ.III.S'i 





"H = (^) a :<J^\ aJIjJI o-ji j! 
laUs-bbs jl C~alpJ { N } - £ E9 I 1^9^ C. **»- 

(j.\-)<(M<0 <-)-kidl 

?( \ c • ) 4 la j lUj A^u^fl J IjjJl oUj^JLa ^U y> jJja C 

<->* 4a*S lo C \) 4 la a J \j a aMjJI ( Ja> t ba jj* !S^ C 

?l ^L-Vl 


The number e _A aJbd! 
— H ij 1 f— ' = _& !4ijtaJl ja _& a.bdl t-ijju 


geogebra ^aljj laJij^L*oa f(x) = exp(x) j! '- r _& = (,j^)a 0^>- 




?_a a J jJJ Aa*j <UJ I ^la".<.‘> Ja .ji -1 ^a j-aj ^\jjj J 1 j! 




c 

Jab- -» ^s^Ji 

.0LL4JI 

_» jjuJI Jl SJIa il* abJ 
• AjUpL, 

^L-Sll ol j v-Vl aJIjJI 

a - (Ajjb JJl 

.oijlgjJiJab- 


a^Luiin 


5 © 


^yJJI ^L-Vl oli 5-—SII SJlJJl 5 

Natural Exponential 

(»-djb JJl ilb 5 


o“ 

a- 

r,ro = ^ + N) 

r 


\ • 


\«« 


\... 


\ — • 


\ 


. JaliLjl JjJj>JI JUT l ^ 

4 ^»J JLjl 4 .a.«.a H Ja Ajl^j! ij»A k_jJLijj Ja C 


u — j laLa y_a aJjJl J^.L— 1 ! 

_o*(\ 


lala Y. 

r> >c 

co<-^ 


^jliaJl la« j?ll> 4^al>- ^lAiwab, 


jl 


4 au 3 al>J j^aJ 


an iSi.nall Ail 9 j 5 !l 3 © 

■ Vr'J g*b« Zjj* ufi ' 

Vj£jJI SSLaJI 5 

(e)oj* jj_» JJjJI LLaJ 

.JbjJl 

V 


Ui -> dwS} QsD CD CD 


r,V\AVA\ArA~_A j! J^>J 


JaliJIj JuoliaJI - ibuJI oL-bUJI 


: 


\ - Y ^lu/Vt cjt!a 2Lu«V< 


O) 

00 ^ ^ laj^p 


; (^ + ') L 


* ““ f oi® * # o* — = f uh*i 

:5j^ya3\j s> iJjJl J^L«j jj. ^ 


1i+'H 


CiLiLgj 

jduo £) 

' r (i + '): 

:J^jl © 

30 <- L r' 


J^J'O 

' r (i + '): 

30 <- L r' 


v (j- 7 v o- 


- r ( - + ')>- r (i+')^> 1 i+')^ 


r *(^')L 


J^o* J^Q 

:^J'© 


=^J'© 




uyjlill &J15JI ^Jl - ,_JU=JI 




jjj <ji J5U Q 
:^jl© 



: (jjAjlj 4L*«L~£a) ^lJa>sX^L> _a iJjJl 


J^P JjSCaJ 




Natural Logarithm Function 


ES 

^Lti/Vl Ljli 4_uuVl <Ut Jjt 

£ 9 t = (^)a c -& 1 ^ ««iL»«il <u«*>l dJli 

jl ^ 

] 00 c . [ Ulj^aj £ jA> ^-fls = (j-)o d**s- i a 3\ jJ\ JU^a ( \ 
(_A c \) c (X c *) 4lg'a»Uj ^aJ aJIjJI ^asxXa (T 

(One-to-One) 2oz\s~\ 2i\s ^_a = (^i (V 1 
>Ij jlp^Dl a)IJj IwJ^ju aL^SsP 43li J-AJ 

^a\j^j (^1 4jlh\M *XXP OXp (x) ^a^pl ^ hX>t £ **>.> ( £ 

jAJI 2QI j 



+ £. 3 lt* <■ lt" ^ - (j-)-» ‘ -* Lg~*>L»-l ^ 

:j1 

lalXaj + £_ = ((j^)i O^P- i aJIjJI Jlpta (^ 

(\ t _a) c (* i N) JaiLJlj ^aJ aJIjJI ^X>vLa (T 
'- r _A = aMjJJ a^JCp aMo (Y* 
^alj^j {^! ^\hX>six*a\j aJIaM ^_*^p ln(x) ya^3l ^*x>^l**j 

:aJ\xJI I^jlp JaJi^al }Aia \ • j) A^jS ilpo^l (® 

W -> ® CD CD m 


oo- =Lr , j) 



• ^tr 


.Ajj-ip^lijU r,r*roAo.^f = \ • J j|j^>j 



JaliUlj JaoliaJI - 4^J1 oLabLJI 




\ - Y ttntiS ^Lu/Vt Gtla 2 Lu«V< 


... iJbJI 




^jUJ t^Tl jUl L ya\ jjx < 



■W^Lp Jj 

lUJl olol) jlf- jlM (j«al ‘ 
:jU {\} - + £. 3 f , 13^ 

A ^«»»IaU ^»1) 

‘ + £. 3 a- 'H 


t ; 


j* = ejj^all fr^lSo ja 

= (J^J 3 ejj^ 3 ' 0 


i^V-5 3 




-* 


-j* 


\ = 

(r 

^ = ^-* (X 

-►--- o-^ 1 

— — - 3 


J- J 3 

_a 




_ '7 = 

^j 3 (® 
1 

= \ j 3 (£ 





1^0 < 

+ £ 9 ‘ a- J^ 3 

J^J 3 

t a" 

- lTJ 3 = — 
J. J* 

J 3 (V 


j^j 3 + a" 

J 3 = j^lt-j 3 (*^ 

\ 

= _a j) x ^ 

j) 


(J - 

j 3 j = ^ j 3 (A 


^\<X>C^*j\ AJbji? oUL^>Jl 4.». .la" oUkX)jlp^JJl ^SCsj 

J^Ljuj U-J 4*\jJ-iL^\ J. ^ 2.1) dll A1 V , V * V"\ ~ \ * jl jl 4^U- c ^*5" 1 ld£>- i Alai) dUi jl c4-ol*H 

—B> ^*id«^\l 4^*1 j OlAgJl) 

^■xitKII jdijjU . ^111 j oLal^llI 

Jdio 5> 

■<lo-^ Ij! *±p- 4_^jic4i© 

_» lT •■^lT 

JaJI^O 

* ^ ji* • <- j* JdP * \ - ^1 = jtf : i»i 

-A ( j->L»i'>0 j^ijiaJl pJjjLpjJ Jj>- 1) + \ = t jjSCj 

a^jjJl 4*«4?l>- ^Id^slwbj (j<a + \) j) = f j) .‘. 

(j* + ') J 3 

- = (j - : <1^ (j^ + ') j 3 = t j 3 o* •'• 


0 ) 


(Y) 


I j) 


f J 3 


^(j^)j 3 '^ (^ + ')J 3 

tj 3 

a J 3 


I J 3 

: 


:jI^b(Y) 4 0)^ 


(J 3 I J 3 

I^Tj = T "- 


(l/ 3 + ' ) J 3 1 
t J 3 


: 


(^ + ') L — tf-? 3 j '(j* + ')j 31 

^lill iJlill Uu*l\ - ^JlkJI 



ij iLuuVt JtjJLil JjiLaj 


:JjL>JI ( Jj»- ^ aJIxII oLlgJl L*S" tJjLv^Jl Jj*- o Jo 125" jjjl SI Jli«J! ^Joo~*o ;iala 4la>-^ta 


(j-+') J 3 

— l^PO 

o* 


(o- + ') J 3 

-* jJ = i L^- 0 ) 

I O'" ‘ 


' = [oj 3 - (N 


j)j»]l 


_^:j \c4\® 


®L_ i - r u_jjL_oj _J& 

:5UaxaJI .••.! .I^yi ji. j/> 3^ .^.^,11 i>L^sfl jiil 

— r’ © 


r v n Q 

:^jLo ^ ((^r* + ' ) ' — r> ^ 


r j3r 


ij e 

r ^ 


’ “*-r 

(V+')j> 

— 

0 " ‘ <- 0 “ 


lT -<- 0 - 

(V+v) J 3 

, - L^,® 


«*■* A_I ^ © 

tr 1 ' ««-j- 

r j) ^ v r j)r ! 

** 


:^jLo 
\ V 


■ o" 

Jl^s ] 


(^r + s) j) 


a - 1 • <~o* 


r>® 

O' 


O- 

v s+^r /oo^ 


*>© 


‘•'Ofe® 

:ajSVI oblfdl daji 

b (^ v \kr + \)l_^ © 




3 





Derivatives of Exponential and Logarithmic Functions 


[ o l oTI j>9^i 

. jlp^UI (JI_jjiJI oLd^bd 7 

^SlIJIjjdJLUloU^JI 


I' 3 .-.l^i^l £,UIU.^^ 1 | 


Chain Rule ILJLJl SJLpli 
First Derivative 




iQ.MI.SlIIJl 






- 1 ^ .JLL&-.1 j jwi j j^sl jl-um sft\ 


.dlsLi^S"” 1 4 ^t*a j_j 9 (i) Jli® ^»-lj 


_A^j _§3 


^nj.t^Tl jj^LtuVl Ljli 4 -lluVI 2lh jJI 4 <i t n>4 

Derivative of Natural Exponential Function 


a = (,j-<) 6 jli ^-a = (|J-«)a cJlS" lil 


4 .<&JLq 3 1 v hj jju 

(a± - (j + o± \__ f j = (tr ,)/ 3 


( ^ - J _a) ^-A , . 1 

: ’ — r 1 - ■ 




- I ^ixo-j = 

/ -<-j 

a" /a- 


= r-^)-VotJ 

j - -* 


. _ . jduo (£> 

^JLuisJI jjxjLoj^I ljI J dLXU^\ illjJI <XSl±M\A 


- = o* e 


: JSC] fl Q 

' X 0 * = 0 a ^ ^ + x o^ = ' 


^_a r + = (^j») — r + = 

a"-* a"-* 


i . lT 1 , v 

-A V + qo = . 

/r \ -S * \ * r o° * . a" r 

( (j - ) — t tr -® + ( -®) — 7 lT = 7 • • -* o* = O a • 

0 “S 0*1 \T -> 


(r + V = Lr ^ V r - 



^lill iJlSJI - ^JlkJI 





nu m 



'o+j-) 


O + o-) — -^_*r-(^_at) — -(\+j-) 

T (' + o-) “Tri" 


JjG o' JsLa. Q 

: Jk lo J SO i A^-jl (> 


?Alag.J' oJ*gJ {^jL^aJl J*Jp 4 la g > JAP 1 -^_& = 43^L*Jl La ! J.Q Li J lS,Cl I 

dLoL>-^ 


LL.^.S-^J-w 

O* * o-i 


^-_a = (^)i c ,j-j JjUii&U iLli <3ta ^c-JlS" ISV 

jiio (^) 




= (o + V) 777 > 


m \ 1 ? • 


ar = (o- ^) “fr 

l_^ 3 

■» r ] ‘K " 


[^ V _*t h 


r (^ v "_a + ^ r _a) = 


Derivative of Exponential Function to the Base a 


' a -*X = j* 


J*-* 

o -4 

O*-* 


a) 0 = 


^ jsO jjSfi j^ji © 

0+r ^v 1 
0+Vj ' r -» = o^’-' 1 

^ U _ar = j*V V 

°(‘- r ' v ~_a - ^ J ' r .j&) = j^'.‘ :? 

L* JS3 — j^-ji V 

^Ub + ^ = jC 1 




f ^jj/Lu/^U 4 _uuVl <UI Jjt 4 <i t d >4 


t>- 


= f- 


= N 


. = tj 3 


U=u-_l 


I J> Mo*)^ 


^ = (o-)> 


jiriii 


; “" [ ^ ] (ol— (>*) = I jl 

I j) x ^ - I jl x '^ - 

J^iUUI - 30 OJi O 


- )^ 7 -CT)^ 7 ^ 


: 







Y - Y JLmJjLcjAIIj iLuuVI JIjJlJI ljQ1uu> 


^7 • t j 5 ^ = ft ) 

jilo <jp 


tUuj^jl iLlljJI 


u * jsO -^— i As-ji (V 

lT * -* 


1 jT * t > 




-V) r = ^ 


» = 0 ^) - jL o = . 

_. 0*1 0*1 

x ( v + 1 ^° - ''o* r )x‘ x (o - ^1) = . 

0*1 

a -J— (o“°-)x + (cr 0 - x) _A_ ^ _a = . 

a" -* a- i a" i 

-U- , 0 *. 

' _»] ^°~Y + [o j] ^°"r x o-] ' ■ _a = 


^ X0 = J - 

r+^o-Wy. = ^ 

“°- crV 

rx ^ 


JaJU 
.• I 


O-V, . 


Derivative of Natural Logarithm Function 


0*1 

o* r+ 0 * 0 =^ ] 

fi^i ^ 

( ^Lju1o3 I jifl "iuij 


— = io*) /:> 0^ * < j- c j- j 3 = CJlS" lil 


iu-Vl aJ \ jAJ a ^ SLs * i)b ^ aJIjJI jl Ja 2 -^ 

O ) *-* = o*& o*J=je&\>l 

(Y) }0i -^^=\ .-. ^ 


- = (o* J 3 ) : 0* l5> 

* o*i 


S-O* J 


: jl~eOO < 0 ).y 

0 " a " -j ^ " 

jduo 

^ ojjLc^III ailj ^ Uu ./. a ^ 

U JSO jji\ i3^UJ\ J^-jt (T) 

L ^ J 3 ( r - V ) = ^ * 1 


tr 


uyjlill iJlSJI e^JI - i_JLkll 



^ In’ 



2Lu «V1 JljJtfl J-*3 »Loj 


j^ji« 


+ r = V J 3 ) ~ 77 + r = • 

or 1 o“ -> ^ J 


iri ' 


(r . VO -f- V j) ) + V j) ) -f- (r - VO = 
^ j! V'* + — *0“ - V0 = 

_» a- 

V j 3 V'* + ( r - VOl — = 

_» a- 

-^(n-^ j)-A_x(\ +0 * jj) 


^ j) + V* = l^ v 

^ j 3 or - VO = j*v 


r 0 + a" J 3 ) a" 


O' +LT 1 J 3 ) 


u^i_ 


V r - ' 


(j- j 3 V = 


VO. ^ J 5 ^ 3 -^-y “^J 3 (* 

^ ^ r - o = ^ I 


a^Lp a la g > ^ I a«lp J-4-o AS^taJl Lo jjjup JLLjj m ^S\ i 

A \ C, 1 Q 

^ j) = V)i c ^ V VV (3 aJuIs 4)ta ^cJlS" lit C 




— = '-* — = [(o--) j!]y :Oii 

a" a-- 


•#a*J<> — Hlo'l j 1 ] -fr 

o* * J* -> 


V C 


t 

■(J - LS® J 3 ^^ 3 43b ^ Vp- — = [ I^J J 3 ] <■ 

jilo 

vl u* jso —V jV (o 

o-vo j-'=^ 3 


V J 3 V = l / 5 


-7 = 0 + V)- 


(V)- 


J 

^ + V r " v# ' 

" J 3 + (V J 3 ) 7 V = - 3 ^-y • 

_» _» o* s o* s 


JaJN 

0 + Vo J 3 = J*v I 


a" J 3 o* = o°' : 


J^lisJlj J^liUI - oLu^LjJI 


** 




X - X JLmJjLcjAIIj iLuuVt JIjJlJI CiValuut 


(V + lT-) O- 


ir 1 


= ^ 


VixVj)+V x ^- 

-® O' 

[V^ + r l V = V j 3 V 1 ■ 


i 

= 

r ^ = 


> x V - (a^( v + Lr) x V + 

r (v + ^) ^ 


- J 3 = 0° 




0*1 
o' jji* Q 
: lA ^ j 5 ^ ^ %j' ; ° 

o* -> 

v (r - ^v) jJ = ^ 1 


Derivative of Logarithmic Function to the Base a 


Ai-QJ B 

f jj^Lu 4-c^ujl^ jJJ t ill Jjt i a t it>4 



-H— = (o-) * ^ j 3 = 'M 

I jV I 


TT-T’k^TJTT- 


o-i tj) 


t J 3 






■^J 3 — = (lT'J 3 ) ~7 Oj^iJ 
(O- I 


■tl 

j--* 


77^ 




v (r - 


r j 3 ^ 


(r - ^r) jJ = ^ v 


\ ' _ cf F 

r J 3 a" 


“ 


3 j 3 (r - j- i 


uyilill iJISJI e^JI - i_JLkll 


4.u\ujlfc ^111 ill jJI 4A~uiu> 

jiio 

'■j>\ u* jso ^ ~ i 

^ j* F 

O* J 3 = Cf ' 

o“ -J 3 = i/* v 

(r-^r) j) = j^v 


cM« 




r x r 





2 LuwVI JljjJl J^lS3j J^jLoj 


= ( .jl|r-^| *^j'- l r - ^* r l J> r = '■■ e 

Jaj o* J 5 Ia Q 

:5lia»aU jjx ^3 -UP Util ol^a>ilall jj^La^ll jJ^a *1 

\ = ^ c (\ + ^rjjli = j* * r = ^c ^ 0j )=^l 

r = a- ‘ V j 3 ) r = 4 ' = ^ * l (y - V) j 3 = " 

jj5-v« ^laa> j (j<r5 ( \) j>- ilaSJl ^ -^1 jJ = j^s a_> | jlT I SI . rin in i rn t" i[nnhxi © 

a_> ( J jla Ja>-jl u 4 la el ^3 OlilyflM jja^a IJ J 4laS»U y9 oL~Jl 

J ^is jJalaJl iaaj ^UaJI SJiU< ( "^" 3 

JjULdl Jala>vJI u ( J jla iUo^l 

_L = 1 X 1211 = m ,4Jfl5S J\ JuP ^UJI J^a 
O - ' L? O* i 



(, j* 5 1 \) ->- 4 laal ^3 ^j^aJ a_j f V 

Uj^pjc(r j) - c \)_». jl^l r J 3- = y J J= Lr ajU 

_>- -Up a_ J ( 4li\jca J) a^JJ c \ = 

' ‘ lT-* 

' - ^ = Vjl+^ 


(• <rjJ + \)l.*. 

(rjl - \ *)-••• 

(r j) + \)TV = v f •■• 


f ^laaJ I ^ ol^J I jja-va ^liSj a_j( V 
cj 4 la el ^3 Otal^sll jj=~a ^laa> j 

V (rj3 + N) + ^( rj ) + \)a T ( V f)0jC.j 

J ^jia J^-jl u 4 laa.ll oL~Jl j^>va ^»la a > (V c \ ) I 4 la a .11 -UP j) = ^aswJJ (_g 3 ^ajl (jlS" lil V 

.4 j jJLp ^ISjl 4alilj a_> ( 

fi 1 rS [| j ["ilnn KV 

Logarithmic Differentiation (a 7 «ILjjLc. jift ^gt 2 H^V I 

ij& \j>- l^S^ial ^«.»laH jlp^lll Ss>~\j ^a^jjlpjl Sj^aj Olj^JcLall 43 ^Aj1 J^P __>^jc 1 J^LaJ 

■ ijl SU iVl 4laP- e-\^-\ |J^3 43^jJl la.....) ^3 oUiJj jlp^lll 

jduo 

IjJU l^a JSsJ ^ Ja>-j! A 

= ^ V U W) = J* I 


: 


Jal^iJIj J^lilJI - oLabUJI 


X - X JLmJjLcjAIIj iLuuVt JtjJiJt Ci\21uut 


J^J'O 

^9 jJaJ ^fcjJaJl jtJjjlp jll! (o + V I 

j*> ^1 53 , >UJ! ^ ^Js> (jlaUil; (o + jJ ^ = j^s j) .■. 

L> "( 0 + r = l/ 9 x of J 3 ^ < - J . \r*i x — — + (° + r o*) J 3 = — 

0 + \y j, iT 1 ^ i/ 

K® + V) jj + ^^] Lr (° + V) = ^ 4 --- 

.• ®+ j- 

^9 jiaJ ^« ... kl l ^jLp jDI .b>-L> = t/ 9 ’•’ 5 

4^wvjJU jJaJI l>- j3 j3 

(lT^O -777 x V J 3 + Cj-^J 3 ) 777 x = “^ 4“7 

v •• N 1*° 

-lix + ^b>-x — X • • = 

_» O". o* . 

< - r '^’[ j- 1 1 ^] = '~r J j^ 3j . o* W" j 3 + N = 

( Lr U J 3^lS + \)^[ U] = ^.-. 

_* iT-« 

Uw« J^3 A 

^ o“ s 

x = V * J W) = v I 


V =/ >(V- '>^> \-c^^A ^"_a = lii^iuMii© 

a" ' 

j^ji <0 

-* C r-L*-*AJ (jJ j)aM -U-L ^ _a = •/ 

77 — r j 3 7 + u ‘ , '- ft j 5 = o* j 3 •■• 

[(a- - ') j 3 - (a- + ') j 3 ] 7 + o u - = cf° j 3 



V=^(V -')•■• 


a" 
v o"- ' 


L^ 5 

L^ 5 

<Jf_ 


^lill &J15JI ^Jl - ^JlkJI 


" 





JaJ < J i J$La. Q 

• = V/ J^ O* - 'o* <J° r + *<J° O* 0“ : o' = <J^ 'H ® 


r - r Q_jjL_oj 


SUax&JI oLL^fl Jjj ija 3^ >^,^,11 <L»L^f I jiil 

:c 5jLJ (j-)^ jU ^ r _a = (,j-)i cJl^ ISl © 
^ X _B > r 4 ^ ^ r _ar V o-^ | 

:^jLj (r-) 4 jU ^_»t = jir ISl © 
(r-) 5 4 (r->- * (r)«- y (r)>- T 

: JliXj^L ,j- j3 = (j^) ^ aMaM (* - o") J 3 + ' = (a") 4 :4 © 

o ‘0 4 (' ‘*-) e (''-*') 5 *') 1 


5 J 3 = <J° ^^ojl J^aj ~V+~J^\V j) = J^s J*a Jj-J O*o3l yty 


^J 3 




v-('-a-r) = ^® 

^-v_* = J *© 


u*® 

(u- + V y) j 3 = o° © 

(v-^r) j) = ^® 

r - r o“ 0 _ a> = 

V A 

v 0 + u" i ) j 3 = o^ 5 ® 

o* J 3 r a" = <j^ © 

-^- J = 
v+o- I 

u-@ 

^ j) o - ^ © 

^_alS = j* © 

< - r ' r _a 

(TJ 3 

J-*® 


:j>Lhxdl ^_iUI ale. AjJllll qLiWiaII J-s JSJ jojLa^JI Jao j_^.jj 

y = 0" ‘ - IrV = ® 

r = & « ^jir - V = ® 

y = ^‘ ^j)r-^} = ^© 


JoliUI - ioJI oLoUJI 


“ 


X - X XLmJjLcjAIIj <LuuVt JtjJilt XjLAlia 


Lao JSJ i JA 3 \ 

O 

*±j* = j0© oA = ^j)^© r ^ = ^^© 

Laus J£J ^~— ~ ‘ — ~ 

a"- 5 a-- 5 

r o = J» < ' J, -» = a- © 

'j- J* < jj>T-a-® 

:^iL U JS ^ 

£ = ^ AXp A?-jli —— ^ o* = o' 9 oils' \S^ 

(j-^ f -» 

_a = (^“_a) -j— : jl cOl (jjLto il jSClo) i = cO^ lil ® 

a - i ' " « • * = j 

* = o' 9 l r r + </» 0 - 1 lT‘) o' ojt ■' + r g ^V - oils' til © 

’ o“ 

.o U^J l l j (j - A - — (j*? j^5»tJLft3l jj^Ia® Ia-xxp (j^^j ^xJl (_^ T> 

\- *4^ ^'j aL2j jcp i - r '_aY' = j*2 aJ^Ul® o-jl 


4_3^AjJIj .\_jCu (L -®jj) j A_kl®j S^XS ^jl— yfl^l ^j_®^Jl ^LiVl jlS' \S\ In r [ i n 1 1 1 h ij 1 1 ^T : ; 

■^JxUJl ^9 (j-^}-^ ^■‘•O'Ij Aj^xX-cJI sJs- ^Ji _^JuJl Jjjt® Jo-jl eJ^-j (^ _a - \ ) £ * * = jjtf 



^jLuo ij-® a*i>- ^ixM jis' ' s i iiojijiJ ^ jo 'J.g.u h,' 

iJS- aNJj >1jj>- (° + j) j} 0 * * + j) = (J^ 9 :<SSljJlj 
c \o = o ‘ 0 = j Op aJl>JI ^Ixil j^jo J Jjc® Juj-jl . j ^IjVI 
?j^Uxj aJl>JI ^Ixjl^ Jja . V * = j 



^lill &JISJI caaJI - OlkJI 



S™SUJI 

jaJIjUJ 






0-i 


16 iViSi Mi l 


lT 1 ^ ((.Al 


IP 

4JLLJ1 dlla/lj3 Jjjs 
4^cJ\j <(_J aJ\jJ\ 4jjXjLa jl ^JlsO 
0 + d~>- (J- 

^_a = ^ 

ja ^)U ( ( J*’) /, 'L? <JIaU ljj-aj 
4 Juj«j ^»ia"«.‘> loU ((J - ) 5 
JljjJl J-a iO^a JAP iUo^ jJ* (J-°VSCx3\) AaS^P 

<uXJI OlcJLaJl ^a- aU ((j^)i l-^a® JS' 4j CCa (o + 

:Cau>- ((j - ')'L? ^jl-*u IaI Jj> 4 i 4 JI jJJ 
Cull aiw>- O + (j-)o = j-i (j-)^ 1 
'(l^ 9 ‘A-A*Jl d-CCaJl 4P ja^tjs i^a~zSc~*\ 
— = (lT')O ‘ ^-aA = ( u -)^ t ^“°_fl>0 = ( tr /)i 


r )a = j» = (^y^j 

aJUJICiC 




l2Lu«Vl 2Ut^U ^JLst^l ^_t£<>l£ill 

Indefinite Integrals of Exponential Function 



* ± il Cu>- IjL2>- ^■Ap ii 0 ^” 


o + ' r _a = ( _ r <i Lr '_a\ :jli 

Cull dj d-~~ 

O + ^-A^^J^L 


V 


^_*a\ 


o°* 


Jduo 0 ) 

:J^jl (V) 

J^llO 


35 


-.VlJljJJlJ-l* 5 

Wj 


4 -jL j*£ ol&%Ja j ^ 


a^Luiifi 


50 


Antiderivative iaiAa 

Integration J-ol£> 

Indefinite integral ^Jb ^ ^ 

Arbitrary constant ^jL^-1 C-oU ^ 


■aia-Ai 50 


iwUp *L~-U- ill 7 
•<J^' L_^l>JJ 4 ~* ^a\ J> 7 


7 = ** 


rV _*\ 


Jal^iJIj JahliUI - 4^J1 oLabLJI 


‘ 



T - V XULijlzji3\ j JLlu/Vi Jt jjj\ J»l£» 



* 7 \rl 


0/°l 


"’Vl 


^ v _»r - ^_»r 
** ^ 1 


, u"t- 1- . , u*t- N .u^-r T o 

+ ^ 7 =° + “*XT =J * ‘ 

i 

= o + ^ ot> -y = £J ^ A = ZJ ^- aA ^ :r 

J^oU^H 

^j' © 

V ^S^-a>7l\ I 

jiio 

iaJWI c&U&M ^ jT j^jI © 

i 








^ J [(^r)^ ± ( l t’)j] 1 
,_r-7 ( c r>)</' \ i ,j-b ( L ^>)a \ = 


,^-i (^ ~.ja + °“-B>) \ y= j-i - 

[( yS ^ ^ ^ J Lr '_a>) \ ] y = 

o + (^-_*-^_*)} = 


cMN 

■\ i 


o*l ( Lr ' r - 


>-A 


*" -\ ^ rV _®v - ^ _»r ; 


O + '■ r _a - J- I' = 

j^ui Js^H 
^ji© 


: 


: jls (Jla aJljIs 43b CJlS - bl : jf Ja^~^ 


+ ^ 3 _a> = ( ( _ r < ) -b • \ 




JIjuo ^) 

r i\ v I © 

J-J'<0 

o*^r- = (o*) /:> •'• o*^r = (o*)^ £fy. 1 
a - = ^ J (^ U» -) ^ " ' _a \ - = ^ _a ^ U- \ 


^1111 iJlSJI e^JI - i_JLkll 



kir.AT.__ 



o" r = (o')' 3 ' + o' = (a - ) 3 £fy. Sr> 

o + ' + v ^_&r = ^i(^r)' + W\r = + 

Jaj o* Q 
:SJU\o}USoM © 
o*sdo * + i 

- J*)\& 


Indefinite Integral of Logarithmic Functions 




*^o'^ > - = 1^1 jJ -^- 

O' j> O' -> ' 

JL a3\jJJ olfcijl 1^1 j) aijJloijI 



i*W — ^ 


J. O' 


O^ 


rA 


:jU 

3JI jJI olifcLA^ 

jduo 

:4JUl cdUSoll ^ ^ J^j\ © 

-1 v ^JL\ I 

- O' 

J^J'O 




1 , 

J'- 5 f .1 . ^ ' 


'^o'A 5 - o + |,j-| j3 V = j-i — \ V = — \ 1 


o' Js^ □ 

:^j! © 




o-i — ^ I 


J^liiJIj JOslilJI - iuJI oL^UJI 


E 



T - V 2 Lwiji}Lc>lII j JLuaVl Jt jjS\ J»l£» 


^>1 - ^ 


jiio p 

:4jS3l O^alSC^I Jjs-jl ( 0 

r )i* ' ^(jl + v)\ci 

lt’ - 1 / x o ' 

J^JI-O 

^ + I a" I j 3 0 + r o* = o 5 — ^ + o*5* o* ^ = o *5 (— + ' 

J. O y O ' 

^-\o\J^ = o5o^ - ± - o*5^\^r = 0*5 (*- - —)\ y 

—AT ^ —A x —A / 

~~~^~ J: ~~ i ■ " ( ' ~ y r) i > 

o T O' O' 

' ± o 1 ^- & + \o\ j 3 j + o x - -^- = 


05'^-^) > 




i - 




H(a *) 3 1 j 3 =^(^) /i *-^ 7 l 


o’ J^b. B 

O^alSoJl Jjs-jl (o 

^ °~^ 1 1 

J-T-'J- o* 

jU • ^ (ij*)z ‘ aJuIs 43b i cbl5" bl : jl Ja>-)l 

Jiijo ^) 

: 4 JWI C&USoM ^ 'k' J^~j\ © 


05 0 


&\ r 


, r + o^ -3 o 
ofrw — 1 • 

' - a"’ + 0 " 


' 

O' + ' 


cM« 


\^r + \\ J \ = ^5-^^-lr = ^5—^—\ .-. x = \j*x + \) v 1 

r + = \x - + V) ••• 5 

o + |r - + VI j 3 = o 5 y X+ f\ 1 ••• 

_» ' - o' + o 

o^-_\ _ 


oA x + r o) 


0 + |^ls| J 3 = 0 + Ij-l^ I J 3 - = j-i - l = J* l^>\ * 

_» _» O" ^ 

JaJ (ji J 5 b. B 

- \ ^ J*j (J*> 3 ^ 2 >\ 1 




" 


^1111 iJlSJI e^JI - i_JLkll 







2 LuwVI JljJJl J-«lS 3 j 

Jduo ($) 

AJiU^i V + c ^ r kijLo (ja t J-) *Jp ikaj *up a) (j-UJl (^vLa :a.utninv olciuhi V 

O’ - ^ ^ 

(o+_&Y' t -ft) AlaS^Uj j-s-> 4 j' ^lp ':>) 

cM<« 

(a - ) 3 = l)^j^ 

r+L ^ r = ^J. = ^kai J^p ^UJI V 

0 " a"-* 

^.^JL + r)! . aJ ^\.^.-. 

lT j*J 

lij'rH & ^r~ ^ + J V + lt'' 1 '' = t / 9 •’• 

: ( Ji>J (o +. 25 ^ t -ft) 4 Sag^\j j-aJ ’.' 

r = o .-. o + js j) r + (_a) r = o + ^>r 

r + Lrj )r + Lr r = J ^:^ 4 J 3 U* jjSC" j 

(— ftV)iA>-jl — = (— ft)i (j\5j ((J** 5 c A*lp Aiaaj -Up i aMa 31 ,J^a V 

r _a - 

Jllo (^p 

j-ajJJ 4 ^l)\j yU-^l-Jl)) ^ <b-L^a ^ Jjjca j\ 5 ^ IS) M I.;]. 1 /! ^J. Jjj.'.|Ki A 

c V ^A* ^jLJ AjIJj Xp Aa>voL*a 3 l 4 ^-L~« OjISj _ft m , f ^ aS!!AjJIj (<LjliJlj) j 

’ " " j -5 „ 

. jljj \ * -bo Aa>voi*a 3 l ^ia— As-L^a 
—ft \ = (j jJ — C \ = ^ » a yp\ 1 A^-\— *^a 

o + ^-_^.-= r .-. 

^ • = O .‘. A* = ^ c * = j ^JuM AjIX XP 

lJ ' ’ _ft\ • - ^ ^ AlasJ ^3 Aa>voi*aJl ^ia— Ajs-L*^a jjSsj j 


r 


a \ • - ^ • = A^vuL*<aM As-L*^ 


jljj \ • 


JaJ < j I Jgla. Q 

lj ^lyaoU olac^a Oil5j c^jLu^JIj jjypl ^a L**SCp ^__^\Xj 1 X>-1 Cj\jL»*a jA*a jlS^ lil ( A 

.^jLul A Jj«j ^ba^jl oL*^a .eJj>-_j V • • t V * * i ^J^3l P ^jL«I £j 


“ 


J^liiJIj JbslilJI - ii^JI oLabUJI 




T - V 2Lwiji}Lc>lII j JUu/Vl Jt jJj\ J*l£» 


r-ru^jLoj 


: 3 1 h ti 1 1 ■"«! «l I djL^y I jILkl 

:^jLJ (^5 jU *=(*) /;> ‘ ' = (*) 3 ‘ IV"-® + u- -»] 7 = (j-)^ 'H © 

G-)* a (o-)^- * (a-)* 5 (o')'*- 1 

(V-)j (jlj v = (*)i (■ (ij^ 5 ‘ (j - ) 4^if- aIja) jjp (J^s (jlS"" tal ^ 

_aV a 1- _ar e £ -_al V 1 ! 

i5jLj 0 jGUA© 

vij + |0b>- jJ| * o + 0b>- j) 1 o + 0b^ j) - V o+|0h»-| jJ - 1 

^jLJ ^ i V ^_a \ t 


&*<?'-* - —A® ^jO^r + VA© 

(j- 




a . J W\@ 

lT 

ll^±i\© 


\ + j* 

0" ^ + ' 

-TO 1 ® 




s + iT 0 - 'a* 

V jJ + ') 


(J-i- 


-1® 

1® 


: d_uV I CiMaLSUI |j^ ^ 

O-i °" -»! ® 

^'Vl® 




0*s 


-l© 

-\® 




^ + ^ \© 


^^Ar 1 ® 


' - V 

\© 


L^i 




1°" * _flsV ^jLuJ (j^> c !j*) a1sJL> JuP i aJIjJI (j-UwaJl J*a j\5* IS^ 

(r)i^jh = (.)* 


“ 


^lill iJlSJI e^JI - i_JLkll 


I 

imgJI ijiiLo 


jJl S> i Jjjl & JJjlII 



£_ 9 <■ ® = (jj^ )i _® l^-Ul 4 ^ul A^li jjJUuJoJI (_yuL<d!l Cilj 4 _ud!l 4 _lljJI 

£_ 3 (Jrf C j 3 = _® l^uLul <Lud> jlf-j) 43 li Ill-ill jdjjlcjlll 4 -llj 


‘Luujlc^Uj^ 4 t mi^II JljjJI pi ST i im 


iysJI 

SJIjJI ZteiXa 

ailjdl 



^_a 

JjliJdU aJuII i 


(o*) 5 

\#t < •<( 

tjH 


• # o“ 

\ 

o- 

Ij-I i 

• ^ ( l _r , )i < JjUxidU aJuII i 


Ko^l 


4jo"njLc.^Ulj Jlj J! J-oKj 



sjijJI j,iss 

Ailjdt 


O + ^_» 

^ _» 

•#4 


^ ^_a 

aLIS i 

dt + G'') 3 -® 

(j-)* * 

• + a- 

•0 

\ 

a- 

* 7^ (i^“)i ‘ aLII i 

o + |(^l 

W6 » 


JiiliaJI - Sl^JI oL^UJI 


l 


(LoLc j-JjL-OJ 


:^lKxoJI .I^yi j>» j/i 3^ '^.^,11 4jL^yi jii| 

: J\j£j\j l - r '_& = ((j-<) </" jA V 1 + ^ l - r '_& = (jj-<)i O^s- i aM aJI V 

(r.r) * (r- <r) * (r- ( r) (v (r.r) I 

:^jLJ (r) *z : jU O- = (r)a c ^ = (^) 6 jlT 151 ® 
rv a \o e i.- v o.- i 

V j 3 


H^Ij 3 




o + Lr r 


:^jLJ <, - 


:^jLJ j* J 


U*J 


-\® 


0 “^ 


1 © 


r. = 

Yo = ® 


-Wj 3 ^ o+l^jSIjir V o + l^ljJr I 

:<LuVl CsVjLxaJI {y* J£ j\ 

° = (v + ^) J 3 © 

rj 3 r = ^j 3 ® o.j! a '-u" r £ jJ ® 


- V ( 4 ^ 4 )^® 




:iJLUI oblfiil <>» & jaji 


V = u* © 
(' + V) J> J '-» = u* ® 

“■-* J>— = u* ® 




1 


* -* = o° vs) 
*-* j 3 V = i / 9 © 

j j 3 £ = £ r j = J- ® 


^mi tjm cJl^i - ^lui 


r - ^_av = j-? ® 

(r + V) j 3 = o- ® 


ja,jl 

0 "-* 

‘- ) '”.J& = ,ltf < ‘j'L® = 


= o^ * u -» = ir* 


YT 


Lao JSJ ^ jj 

a--* 

^ J 3 ^® 


°° <J° ~ U** =/ <J a 0 ■ -® J*) : o' 0 ^ 0 ' (J ^5 + v ,_^ = jlS" \b[ 

.=^i+/^^o + //^ v ^:jIc^l ^ j) ^\ = jc^cJS lil® 

Laa JSJ ^ i J^k^l 

v ~ ^ s 

X+ ‘V-O-© (N+^)^ = 0 ^© 

^-o-© ^(^-\) = ^@) 


• < (j*i : ~< '-- pLuidoJI j j * (^jl ^i^iaJI jojlxa L&jafc J^Sj ^jJI j^i j*ai ,ji 

o-j> r o- = j*® 




= (Wi jjf- -3^ — s>-^\ X 
J*s ■ 


0*1 K-_*i + ^)\© 




- 1 © 


^ jJM-V = J-@ 
■_® + ^ jlT 151 ©) 

:<LuVI Ci MatSU I j*a MS 


0 "“ + o* 


^jKaf-VA® 


*i(?J^ 


-A© 


OlX-3l J^>v« a ) (^_ a t V) aIo g ll \ JXP '-Mjfc = (jlS"" '^J. tO 

<—* t Jjb Xs-jl 4 cj AlaaJl OblyaJl jj^^j <■ t 4laiJl 

x-Hj aIc a > JXP j) \A - '"(j - = (j^ jj^Uk*Jl ^jXJiUta Jo-jl 1^3 ( jrfL«^Jl Uibtj t*V 

.X ^jLuj j 4 J 4 P 

£A \LiCp v-Ioj 3 a3IjJI j^o> J^(ja lo a) ikai J\ x* ^UJl J~» jlT 151 : Lr JUJI @ 

aJ^Xj Xs-jl V = ja c 1 = j-j V ^jLj> (^Uwdl j\5j 

3j j'j^ V lt' j 3 -y — jS= lt 5 (^>0^31 Ujxp jjSC <^31 (tjojJs- j^*sj t-j^V) ^ Xs-jl :<_5jlj^l 

a - 


www.sec3mathematics.com.eg jj >£M ^ ^Ji j jij oLjjdi j akisVi 0 - ju>j 


JXaliUI - $U 0 l oLO>L>J 1 


“ 



jlilil 


: 5 UaxaJI CiL>L^f I j-u j-a ia-iao^aJI CiLiL^yi jiil 

' rrs^ ... 


1 t* ^j 3 

* jb -* -® = f w 

_£> ^ 

: Lf a 1 = (v - ( _ r >) j3 + (r - ^) j) AliUJl 4PjAj>va T 

{r ,r} v {0} V {0 c -} G 

:^jLj(V) / ijU ,j - 0 ^ r - V (J-' = ((J-') 5Cj ^' i l © 

- 4 - * \ 5 >- Q 


Jj 3 ^ - 


- Vj 3 = i/» v 


: <LuV • 3J1 ujV I (jt 

:j^ JSxJ v® 

v 0 + x o*) = a a ' 


0 *S- 


' J 3 ^ 


(V - * = X - ^-LidcJft V + ^ lil © 

J--* 

I ^-\g 1 


4 V = (V j 3 )a j\ 5 j V -V ^jLu (j^ c j _ r -) aAp ikli JdP i a) l jJl ,^>vuJ ^UJt j\ 5 ^ \S\ A 

•(lT 1 ) 3 ^j' 

!^»Vl I >— 1 aILvu^I e jjSi .A^-l lil 


A 

V 

n 

• 

i 

r 

Y 

\ 


r 

r 

r 

r 

r 

\ 

\ 

\ 


: 


^lill dJlSJI eJL^I - ^JUaJI 




Otla.gJI dp.lna 


jxjUl iijjua (oIaj - JjIjj) jlj-i^l Ciljli J <jl illj ixvl ^aLxaJI J *\ nil l 6 pI^ J'bLl (j-o cdl^cu 

< T 1 mU.ll 4 -J-o^ojjJI g-ol^jJI jxl jlAxuL £jialxuj Lo^ <4JljJI (jojjjl ^Ajl^ ^Ac. i—SjJtlllj illjll i/->ll jxj.fl.ll j ^-xJ\jt.ll 
^ \ \ ,a jxuxj^J CjljiflA 6Jx=xjJI 6.1 a c_AjJlLoj dill tLojIj Llllo (jxuJ 11 a <jl ^!| ...Lg£^Ltu 4_tuljJ^ 4JUI ^-tuj ^-1*^1 

^1 JjIjJ ot > jlS (4-ulill 4 oTi nt ^ II ^ ^J^!l 4 _£lL1_cJ I ^ 4JI jJI Cjl 0 a nun jxljUxuL* J_uCi LiGJI 1 >1 4_ll jJ I 

jxj-flll j *(4 jU^y 11 ^jJLuoJI j jxjUl) Qju jxj-fl \ 4_la_uj-oJI ^jJLuaJI jxj.fl.il j ^-oJIjlII jxj.fl.ll (jJJ J <SJIjJI 

lo£ ( Jq iii*j jl ^k'il) 4JUI ^l^lo 6Ull j [^ < f] 6JJ^-o 6 jlfl ^ 1c- iLulLo <UljJ 4 3 lU^l l ^jJLl^JIj ^ a U> » II 

4_ul_x^j 4 jjIjjj3j 4.j-uV>ljj c/I^K ft\t\ t J^w j dljcLtull ^jJLuaJlj ^cxfcjtll jxj.fl.ll jU_^l CjLfljjJalll (jAju (Jjjj.1 

•C5J^» 


[0 Is? 1 II 


:jl IJilS twJUall j^5sj j! ^uJl j* tlfl 4ladjVl Xj£j J*jj oJj>- j}\ oXit> 4jI^J ^ 
I l j*J 43^a)I Jc>- y>' 4LIH5I 4)1 jJl Jul^p ^ 

^ j j al >1 ^ ab djL. J- jJo ■$■ 

4j£jld 1 4jj-Lfl)l aibXi) aA>v<J 1 1 1 6A>0 


4^31x11 4>-jtaX)l QjyS* 


.JUs^U 

^3 aJIjJ 4lilaJl ^la»ll ^2)1 ^JiJ "®" 

.Iflilo 0 ^3 







S^aJ ^3 



gimU q fob 

jJIjJI LS ^ aUUI JlSCiSh ^>y 

‘ ' - lT’ V - (J - = io*) 3 
o** - r o* = (o*) </" 

S aMaM AjI^j d>^X9 iwX>- O 

"b Sjlil vi^olj i aMjJI Aj&JLa Jj>-j1 C 

I AaL^aJI ^Jj3 ((J - ) 1/3 O^ol^ ^ 

SjUM Jj Jjsxd ol j^a^~ ^ Jj^u Ia 
£j\j2j Cj\jS 3 ^ (j-) / t /~ 

Uj 1SU a)(jA) 

j^p 1 4j ^ 1^3 1 

taX^i^s)! d~>! ^^3 ^3 4 jilx>v^jl ^3 

j ^> wd ol>JVl 

AiQJ ^ 


S.afo*Jl JtjJdJ^/Vl2lZul4l jLIi-t 

First Derivative Test for Monotonic Functions 

: ] t-j «. f [ a^idJl l5 JLp 5JLL5 aJ!.s i l jSci !3 

]t-A C t [ 3 'J* j»-i ' < (j-’V 3 jLS" IS! ~\ 

] »— -> c f [ a jZai\ l? Lp o-bfo i jU 

] ^ 1 1 [ 3 * > (j-<) 6 jtf lit " y 

] ( J C f [ S jl J! ^Js- i^aibla i jli 


J JjMlUiiJlj.lJL^.1 5 

^b: jl jjljj olj3 Jj jj>j 

,i)b 

ol j& ^Js> £jL>- oliJaj 7 

. XlljJl bJ_j JjI^j 


2 .... i..«yi .-. uiu.^^i i 




Increasing Function SJuIji* *Jb 7 

Decreasing Function ifoi Lia iita 7 


-'9^1 ^0 


2)b >1 ^ 

C^) <S A^jl 

* — (^) ^ aJ^U-qJ! 

• > (j-)-i ‘<(j -) /3 

I I 

4ya*L£a i oJuljfo i 



J^UUI - olu^LJI 


\ - r 


Jl jJiS\ j Jjljj 







r 



/ 

X 



U 


L 

T \ 


J 

K- 





\ 

/ ( 

' 

f— 


\ 

/ 

a - 




- j 




3 







jduo tg) 

(J^lSOUI^ .uljjJI Cil jr'-S JJJ-i-J 

V + - * j* = ( (j -) 3 CU-p- 3 aJIjJI j^asUJl Oil jZ3j Jjlj^Jl Oil jZS 3Jj>- (V) 

pMO 

2. aJuUj 4 JI 3 V + - r L p = (j-)3 '.' 

(\ - ^)r = r - V = ••• 

• = (' + ^)0 - o-K = (' - V) r; 0 j^ * = (ir) /s cfji 

\ = ,_p c N- = ^UUP . = ( a -) / 3 .-. 

: Jpx*3 jJjIaoJI Ol _^JuM Jj-Xp- (_j3 U>5"” Ol^XjjJl S jj6 J^a jT ^9 ((J - ) ^ 

] N- t 00 - [ SjlflJI i^lf- SjjljO 3 
]\ t \- [ 6jlei\ (Jlp 4^a5Ula 3 
] oo c N [ S^la)l ^jIp eJuljla 3 

:ji ^ 

(^Jj\j2-a3l 1^ 4^a^4*^p\ ^al^*Jl 3 aMaM ^X>vLa ^%-pJ AJP ( ^ 



00- \. \ 00 

(j-) /5 

+ 

• - 

• + 

(a - ) J 





* c>-ja 31 s\po*^l ^a S3 \j>- Ajjlj ^jy?) ^jwiAJ (T 

1 p-j*Jl elpoVl £a Ap-jjLa Ajjljj -bljJl Oil ^>13 ^ OloJl 

. ^<23lxx3l tOl^3 ^3 0>l.*.«.ml 1 ^ 

^jLJ aMjJJ ^j^l AjixJLaJl IaXp j j5Cj ^3 1 aMjJJ j^asUxMj Julj^M £j\ J.^a.a.7 ^Jl (V 1 

63^p-j>a ^£- j\ \jJl^ 


<ji j 5 !a Q 

:^jjlj U-a jSsj j^asLxM ol jZ3j Jjl_pJl ^l _p3 3^j>- ' 

— ^ — = (u^lt ^ (j-'° + T (J-^ - r o* = (j-) 3 1 

' + a- 

_,, „ Jliotf) 

4 auu JIjJ 1 *^ 

71Y 3> (Jrf > * 4 (_p ls-t + jj<k = ((_p) 3 O^s- 3 aJIjJJ j< 23UJ1 Ol__pSj Ajl__jxJl Ol__p3 3Jo- ( Y 


a" 

00- 7ir 7U 00 

r ] t ' 

(lt 1 ) /:i b^l 


• - 

l + 

(j*) 2 





ffl _ 
r 


J3JIO 

] 7l\ c • [ (Jlp (jlJ ali&O aJuUj aI^sX* 3 
^l^-r + \ = (^)6 .-. 

(ij - ) /j 

= V + \ LoJjlp 

] ^Yc[ 9 ^V 




^lill ollill - OlkJI 


:j1 




*<s = ( o *)'> 

. >\- = (^)6 


= 

nr 


*<' = (^)' 3 J ^ = 0 , xs - 

Jjo oi Q 

3 aMjJJ j^asUJl £j\ jZ 2 j Jol J Ol 3 Jo- Y 



nr > o*> * ‘ a - ^=r * ■ lt* = (a") 3 

,3jJj>JI 3 (j-) 3 C~j>- 3 a) I J d) (,j-< ) 6 JjlaJI JSCUl ;J-qU "^nV 

^ aMaD Cy ^ ^ 

% <C (^) ^ AP ^ 

jduo 

V a" - j- Y = (,j-) c~>- ^ aMaJI j ^ sUj ol 3A^ ( y ) 

cM-O 

+ £_9 (j-' J50 aLIs (^) 

( T j--') r 


o* 

\ 00 

(a - ) /3 iMl 

+ • 

' - 

(a - ) 3 




GeoGebra ^a\j^> < Lr _a - ^ = {^) 


- = o * r ~ — = ( lT')V 
O ' 

( u * y < s ' 

+ (£.?'- = Q * j' ' = O * •’• * = ( lT *) / </''“ a ^ 

] \ c • [ ^ Js - AjAjIjj t/' jj^jj * < (ij - ) / </" ■’• ' > o * ^ s - 

]00 c\ [ P A^^ SSUj (Z' jjSoj * > ( ( _/') / (/' .'. N < (J-' AlP 

aMjJI j^Uj Ol Juljj Ot 3 As- Y 
■ dhj\s4 Jya JjilsJj 3 aJIaJI ^SsAa 


J^liiJIj J^UUI - oL^UJI 


: 


\ - r 


Jl jJiS\ j Juljj 


m 




0 + - r (J - = 3 (t) 

V^)r-r = (^) 5 © 
^ = W 3 © 

lT 

^r-o = (^)3® 


i-ru-jji_oJ 


:<-jb Lata JS -i j ill jJI ^=^Ulj Cil jji a JjI jj Cil jj^a. 


r (f-o-) = W 3 © 

+ ‘cf = (tr) 3 ® 

-^-W 3 ® 

r + ^ 

V J 3 - r = (o') 3 © 


= (<j-) 3 ' 

= (lt 1 ) 3 © 

— -' -W 3 ® 

iT 

(J- J 3 + cT* = ((J-) 3 © 


;^jb Lafc o-^l 

]~ 7 [ < • |S>J\ JlpSjuiIji. = (^)3d^3AJl^l jloJl ® 

>jj> > i - \ = ( (- r')i C* -o- 3 aMjJJ j^asL^I Ol jI 9 j Jjljsll Ol 3 Jj>- 

^ a)U! jl eJla . £,3 ^ JSO (j-) V > (er/ 3 * 3^^ j~l^ jr 3 ' 3 </- ‘ 3 ' 3 i ® 

■L B o* J^ 3 - (a-) i = (ij-) ^ 



^lill eJliJI e^JI - ,_JU=JI 



4 _lL^_ 4 l!I jXuaJI ^ It jijUl 

Local Maximum and Local Minimum 

: 3 aJIjJJ 4jls i_9 3 _>- t i_S 1^31^3 caJl^O 4JI3 3 OilS"" 1 3^ 

£_3 3] £_J c t [ As - jpjtjs 5^X3 OAs-J 15^ J>- = Op <uIscP ^yoJgp 4.P-W 

] v *f I 9 a" (-»-) 5 ^Cj -) 3 oj^. -r 

(-3 D] u c I [ As-jXia 5^3 OAs-J ISl^-S- = OLP <LAs^ ^ <UO 
ly 1 ^^ (-’-) 3 ^ (ij-) 3 j jSy. -r 


J^LJl ^3 

<J^ 4 J % = (r^) /:> = (\-^Y* r-^ = y <■ \-=r = y ^ '^rj^ ^ry 

JJ-P ^ ^iajij jj U5" ^stationary point v a3^xJ\ a! qjl> UAA I^Ap 

-/- AaAAJI) Ata \3 r “*T’ = ta\JLP A^yaX-a ^ 0 ^ = 

AjjAAJ 1 


-' 9 ^' <© 

OOU;tf 5 
Vj-je* 1 j{ 5 


L^‘ 












rc 

= 0? ^1 / 








vet 














/ 











/ 












T 





















< 

J 






Y . 


r- 

















gimU q fob 

[ c f ] ^Lp Alya* A 3 aJIjJI JjUAJI 

3 aJIAI j^Ujj AjIJj CjI jI 3 ^ 

<—h.y£ ?(^_>-) 6 A^a3 A ^_5>- = JJ-P m Y 

> ] V^r ‘ f [ l^' e> 3 ^>' 

?S _^i)l ojjs ^9 3 ^*J j^Sl (\-^) 3 


> ?( Y _s-) Ip y _s- = jjp j 


. -r 


i> *1 r^“‘\^~ [It^'ls^- 5 ^" 

?e iy^Jl oXa ^J> 3 ( v _?~) 3 

.dlXjl^^ ?( r ^) ^ JjSCaJ JjS " 1 

ojja 3 ^S Ja] 1 »jc v ^>.[5/i)l LS lp3 jJ^^a 

Critical Point io j-=JI Ahiill ,- 

( (_>-) 3 c _s- ) *>-j>- Akaj] LJ £ f [S^LaJl ^jip a!*2iJ1 3 a)1jJl3 

op JlaO/iA} aJuIS 3 aMjJI jl • = (_s~) 6 t ] ^_j 1 1 [9 _>- oils' IS^ 

■^- = 0 * 


.A>- ^>Jl ikiJl 7 

(_g ^OaJlj < _ s Oi*J( j*OJl 5 

.^IjJSLUJI 

^Js- ijl jJ 7 

2 ,..« i. .A h .-. uiu.^^i i s® 


Relative Minimum 
Absolute Extrema Silk» ^ j_pi 


J^liiJIj JpolipJI - ioJI oLOUJI 


y - r 


^211) (SJ2JI 


: jl 

4jk>va ^ 4a^3 JL> Jj UkLo c 4 ^_?- = ^ AlP auL>va ^j*iaP J 49 - jj Ijjiilij ^5o Al) ^3 

X^T = 

First Derivative Test for relative maximum and relative minimum ^jot^ntl j^uiU ^j'V) ^rtlniott jLcL>»t 

fltei ^ 

:C~po _>- J js- As - jlia e ^3 OJ 49 -JJ 4 _>- -UP 3 aMjJJ 4j>-^>- adaJij ((_>-) 3 4 -j>-) OjlS^ IS^ 

4*Uva (^9-) 3 jU 4 -J9- < J* laJUP • > (j-) / 3 4 -J9- > la*UP * < (j-*) 6 " ^ 

^LUva ^ ^Jl*5 4aJ (_9~) 3 jl9 4 - 49 - < ^ laJ^P • < (j-) 6 4 ^ 9 - > ^ la J-LP * > (j-) 6 - Y 



.49- JLP iJbta ^ jjLyS iaJS (j>-) 3 -9- JUp iJbta ia-S (.?-) 3 

-UP 4ji4>va ^ ^Ji^s jl ^J*iap ^3 3 aMjJJ J 49 -JJ 4jU 4 _9- ^jls- ^ ip ( | jjj) / 3 SjLil^ ^ ^Ju 0^490 >3 IS^ "V 


]t_4 <, 1 [ 9 J>- Xp 4Jb>ta <_$ jjw? j \ L ^JaP iaJS 3 aJIjJL) CJlS " J ] 1 1 [ < _ s Lc’ JJlailt.'iU iLls 3 CJlS" lil ^ 

.S3^9-J^1 jS- (^-) j\ * = (^-) / 3(jli 

^Vl iaiupaJI jLujJ 

jiio 

3 4 JI jJJ l £jjs+ai\ jl ^Jjjl 3 l9-jI V - - '"(J-'Y + ^ \y = ((j-<) 3 j\5" (?) 

J^'<0 

JjlaUi^U aJuISj 4 jp<2Xa 3 : 4 j9-j3 >J1 JaiJl X> J 490 ( ^ 

^ ^ + V r = (o-)*-'- 

0-^) (r + ^K = (r-^r + VK = 

3 = J- jW- = J- .’. -=(^)/3la^P 

((\) 3 4 \) 4 ((Y-) 3 4 Y-) jlx^p- j\» !afl > lo-lJ 

(\r- 4 \) 4 (r- 4 r-) : jldaiJl 


<ui^b« ^«JaP — -ffl * 


3^ 


SjLil 

* 1 JaaJl 

l3 j^-3> + ■*“ *j * \ 

(3-)^ 

^1 



^lill eJliJI e^JI - 4_JU=JI uK 




y 

00- r- { 00 

(y) ^ 1)^1 

+ ‘ - • + 

(y) * ^3j3— 

\ 

7 

\ 


>- 4I gg) ^ Xs- 4.axJLa3' (T 

JjISaJI ol Jj.x^- 


*yry y * G") /a h^l j 


J > ft 


(r- = Jl(r- = ^JJ) 

.iLL>va 3L^ V* = (r-) i .‘. 

(' = y ■ Jj h) (' = (j-* 1 (J^) 5JL- (^) 6 SjLil ' = (J - j'j?" i/J 

.xbrjz ^ jk*a Xe *3 \Y- = (\) J .‘. 

i aJIjJJ aJl>uJI ^ ^Ji3l Jl»-j\ <. V + - * y = (j^) i jlS"" 1 ( ) 



y 

00- \. \ 00 

(1 y ) ^ 

+ b ^ j . - * + 

( y ) 3 



JS. ifllLottl 

(0 - ^r) V = (^) i jlT \b\ 3 a3\jJi 3 iLUJI ^ J ^H3l J^jl © 

lMO 

£_ 3 ,j-u JS>3 4ji*£Laj £_ l^3l>ta i a31j3I 

:4 j>-^>JI JaiJl Jj X><j (^ 

+ (0 - yV) = (lT'K 3 

[^r + o-^r]r 

* y — - ... - 

^}r ^TSr 

( * ) ^ £ * = 0* 4 * ^ . 

(* c *)(iU(*) 3 ‘ •'• 

- Aajaj AiXS- Jjs-jj j \ = jo .'. • = ( L ^') / i la-UP 

. JjliLdl JSGJI Kqzr^ay*" \j£ (X- c \ ) ( C,\ ((N)i c \) 

4j>v»a5jj 4j^p- adiflj J5^ ^J^fl 4iLiuJl jUl>-l (T 

.,Jj\2L*3l a31jJ 1 ol Jj*x>- 


djL>va ‘WjS • = j * xs - (r 

V*- = aJl>^ j-*^5 <w»s -x >- y \ = ^xs. 

au^s r L ^,\f = (j^) i ii~p- i a31jA 3 jl c*Jl (t 
j^aS < ix}s><js> ^ yXJ j ^*la£- ^*5 £.- = (j-<) i 0^>- i a3IjJJ Jja -~'nl iji^m 


E 


J^lisJlj J^liUI - iuJI cUiLjjJI 


y - r 


^211) Lr «XKi3 \ (SJ2JI 


Lw 3 


+ U- = Cj-) 3 ^; 


c ((Y)j cY) Ujs jlx>-^>- j\"laS) aJIjJlJ 


a- 

00- Y 

- 


r oo 

(a - ) 7i 

+ 

- 

- 

+ 

(a - ) 3 ^ 

1 

^1 


i 



aJIjJJ jk^ai\j yolaali ^*Jj3l J4>-j\ Y 

J^J'O 

B-£ = 3 JW- 

= V \yi - \ = ( (- r') / i :4 j>-jj>J 1 JaiJl JjJjso (\ 

.(t-«r-) t (i t r)^((r-) a< r-) 

4j>- ^>- 4la'a‘) j5^ AlP yJj^fl 4j£jL«3l (T 

JjliLdl aJIjJI Ol u JjJa>- 4a>vjjjj 
.(3 Jl>vO j^a • = (J -1 iU-lu/l Jas-^) 

£- = yftlaP 4^»3 Ja>- Y- = y*i .XiP (V* 

1 = aA^ijH ^ jkyS ‘Uli -X>- j!i Y = JJLPj 

4^L>t<JI ^ 4^*a3l j^ «uL>ia 31 y.sSa«3i 4 ^*jj 3I xS : jl Ja>-*i! 

a3\jJJ 

x>-1 3 431x31 ^l>sJL* jjlajl j^-xJ! j-^u ^ 1 

^Jas-^J bla . IflsLa-tXaj 231x31 Ol J^jo JjXj- j*J jjlS c4^aj*u ^31 
JaJ jl J^La. Q 
= (^ 0)3 C~c>- 3 431x13 4jtf»vt>3' ^ jJi^a3l^ yolaxll ^2i3l X>-jl Y 

Ai-QJ B 

The Absolute Extrema of a Function on a Closed Interval A2iSu» 3 >Ia yjLc 2QI jJ iJ I ^3^1 

[k_j t f] 3 _s>- Oj15j [i^j c f ] xilijl 3 ^la3l yip 43 43b 3 CblS^ bi : (^^uaaJI ji-ixJI cibjju 

[ v cl ] 9 y- JSC3 (y-)s > (^)3 jjC U^P [ V c f ] 3^1a3l yip w LS* M 3 0 

[ V c f ] 9 y* JSO (y-)s < (-^>3 jjSC U^P [ V < I] Sy^3l yip yJip ^^(^3 (T 

431x13 (_$ j^iaJl ^J 3 l ya ... ) s^IS yip x3lx3 yola»3l X-s^jjJIj y j » y?3 1 4 ^ a 3 l C 

. 3 ^Xa3\ a Jus ylp 

3jJj>- yip jl 3 __j^a3\ Ji-b xlaJij (_£ 1 XlP OXa»J jl j^C&j ^ j-^ai3l 4^1^231 C 
(J j-^a3 4la23 y«-*2 3 __jJla3\ 3 jJj>- -Up OJj>J Uj-iPj 3^xi3l 






( 

> tY 









ib> 


• 


-£- 



r a- = 










r* 


\ 













a- 


c \ 

r J 








yJaP4^J 3 431 jJ 3 jls [ c f] 3jla3l ylp^Jl^ala 3 431 jJ 1 cblS^ b[ ^ 


.[^ t I ] 3 ^Xfl3l yip 4iJjia ^ jji^a 4 A-ij 4iilia 


: 


^llll iJlUl e^JI - i.JUaJI 


t j>- X p i>l2j iiljUl! [< > 4 1] 5Ju<alo j 

, 


r 

l 

(i): 

» (->-) 


4- 

‘U-aS ' 


«lk« ijj-sai 


jjli 

dU 


a-J 

iiUlo 


5 ^Xa3l 3 aJIjJJ ialkdl ij j^za ) I 3ko^ 

:^Jo U S JjILJI Jala>vaJl [t^j 4 t ] 

kaj jT *up aMjJI XXj t (i>_j) 3 t (t) 3 C 

<UX jA a Jus _^5l ixbLJl jjlS C 

,4jilka ^ jJi^5 4aX jjs la ^Jikj 4jilka ^akf- 


jiio (^) 

[rcr-Jij- t \r + ^\r- r j- = j^jI (T) 


J^J'O 

[r ,r-] 9^- t \r + ^w-V = (^)3 v 
O) r\ = \r + (r-)\r- r (r-) = (r-) 3 .-. 

r = \r + (r)\r- r (r) = (r)3< 

(r-^)(r-^)r=u-V^ = (k> /5 


• = (jjrf) ^3 4 p-^>JI JajjJl 

[*'<*'-] 3v- = [r<r-] 9 r = ^ .-. 

£- = (V) 3 : jjSsj j 4kaj V = ^ X^- 

(O VA = (V-) 3 : (j j 4 p- 4 k a ) V- = ^ Xp 

: jl Xo i 1 T c V 4 N ^»3 4jj\Ji*j 
i - = 4iik^ (J jJc^a 4 aX 4 YA = 4alka ^akc- 4^*3 3 aJIjJJ 


[r 4 H 



= (k>> v 










-i- 


j 


S2ii 

u 





/ 

r— 

f V 

= (o- 





r 

J, ] 


J 

Lk^ 

s. 

,y 






u-: 



-kil 

"ti 

r 



* \ 

- J 



\ 

r ■ 




(^)J^ 


o' Jik □ 

3 aJIjJJ ialkjl ^ j^iaM X>-j' £ 

[£4 -] 9 ^ ^_a^\. = (^)3 ? 

jl ^ 



k< 


(■ 







i 


ilk. 

<* ki ' 











77 

{•}-[Y4\-] 3ir . 


SJ 

,/ 








.iiU, 

r 1 


_j 

* \ 

- J , 


: 

f ' 


; ^ 





JaKklj JaoliaJI - 4 X 4 JI oLuiXJI 4_>L£ 


y - r 


fu23\) L y * XKi3 \ 


*l: r-rQjjL-oj- 3* 



: l^x jj !'"' •' ^jL Loo J£ j ill jl! jl) itl^oJI fj jits-yllj ^-aKaJI aa&JI 


V r - £ (j- = (u-) 5 ® 

V° - V? = W 3 ® 
V + ^) = M 3 ® 

^ + o* = (j-) 5 8 

' -<r 

v ^-^i = (^) 5 © 

^"_a + = (,j-) 3 © 


r + V + V = (o') 3 ® 
r ( j- - a" 1 = (o") 3 C* 1 
V - r = (o ') 3 ® 

7 + lT 1 = (o') 3 '* 

o' 

7^- = W»® 

r - lT 

- Y)^ = (a-) 3 ® 


(a - ) 3 ® U - J 3 - = (a - ) 3 © 

lt* j 3 0 - a") = ((j - ) 3 ® 

:alhxflJI 5 jiill ^Ifc j illjil iilKoJI ^j^vLlI jAiaJI 

!' = W 3 ® 

[o t x] 3 ^ £ “T^TV = (a-) 3 © 

[7IX c «'| 9 j- + = (^>3 © 

: Lax. oaJ 

i + + T ,_^ k_j + r ^l = (j*) 3 J <■->- ‘ v ‘ t ^ -^-j' •u^J^L u.So i © ! 

A^SJUl 

\ = JJX- ^>-j>- 4iaxj aJ V .J^g^h Alfliil; jaj 1 

Y • = jj<g + A*lx- (( Y) 3 £ Y) AiaiJl JJX- ^L5 »vu>A) a}3\jl« ^ 



<£>>1111 dJlill - ^_JU=JI uK 



lomSiiiil 



Convexity of a curves 


:0^>- i 4 JI-OI (JjUuJI 

1 3 o* ‘ r o- J = (o-)i 
£_ eJuljXa 3 aJ\ jj\ j! 

S^laM ^9 ^LpxI^I (v >-X=*sj) (J^Sj eb>Jl Jja 

? ] 00 t . [ S ^ 4 jJl>J sb>Jl ^ ] • t 00 - [ 
aOljJl ^3 y& La ] * t 00- [ S^ujJl 

C ' (j-)* jj^La-aJl jJ^a jJja ?4jL**/La-a 

■ J- SiLi Jj j-aSUxj 

aU^jJL) aOljJl ^s>Cji La Joo c • [ S^utM ^ 
((J - ) ^ jj^La^3l (J^ ,JjS ?4jL*uLaja ^y>~ 

^^u1!umJ \3La ^y*9 OoL^J 

Lj Lu je JL« J 1 lj JbeJ 


3 illjJ! t ] » > <. f [ S jJi J! JJLaiJi.'iU iLli 4 JI 3 3 ( v r SLJ 

!i| IjJbtaj C 8 ^iJl sJLas P eJbljia 6 C-ilS” lil IjJbta 

.a eJLas ^Js- iyaSL^a 6 CJlS - 























f (7 












V 


J 





lT 










L# ^tUJl 

SJLa Lg^-La jj£j J Lyaibia 7 : 

•>(o-)^^ 



JjLa*il t_)Jjta L# l>tUJl 
S~>- _^a l^laliwO j j£jj 8 Jbl jla ^ 


olj3 $ 

.^ita Ja^j absj| 7 

(_g jj^ai\ jl ^yJajtJI jL>*jN 

.LUJI 

a . ..,i ... vi ,-. uiu... 1 1 S© 

Convexity ; 

Convex upward ^Jb 

Convex downward JjL*V ^-b 
Inflection point ikij ^ 


-'9^1 ^0 


. 5 jkLp iww-U- ill 


j<fi9bjj Jjljj aLulj3 LgJ^bs- Jya J^SCa^S 4j jjLyS ^*£- *Lj\j a UX . 'b a 3 aJIjJJ jlS" 15^ 
.3 431 jJl ^yisxlaJ j^jLp^f Ol__^3 Jj Jasoj b 4jbbiujl 

JiiUsJI - il^JI oLybUJI V L£ 


1 


r-r 


The Second Derivative Test for Convexity Ci LJ oe -u JI utJoijJ 2Lulitfl AlTnitioTt jULi-t 

]lj 4 f[ O^XfiJl ^lp aAj\3 4^3 3 

] v J[S>)1 Jlp Jk-Vfo**. jU ] v <(o*)"> cfi lil-' J 

] V 4 1[ S^laJl lj 1p i^Sf \j^>va jjSC 3 (^y^O jU ]4_J 4 f[ 9 ,J-» * > ((.r)^ 0^ 


^1 ol J 4 JipV 3 aMjJI l 


jduo |^) 

Olj-ui^ ■ < <*v“ ol jr'-S ajd^j 

* Ws® ’Lr^' ' f <_r' - V lT , ' i “ - ^ = (o - ) 3 0^" ' 3 i ' 

Ij-b-va lg *9 j jS-o 


oOii ; oOii 

" Ji-V jA " 


CM«o 

:0*>- £_ 9 ^ J5sj tjlaOllA) aLISj 4 J 4 OU 3 
(^+\) 1 - = ^n-v = ^<^r v v a (^)6 

'- = o* •'• * = ( j-) ^ I^OP 

JjJoJI jj**J ! 4 _*> 0 >si)! 0 >l jiS 
4_jJ^>J ol jZSj ^3 Sjlil JjliLdl 

.Jk-Vj JLpV i aMjJI ^oo 

4)ljJl ^jlsOa ;jl ^1 

]°° t l-ISjSiJIyi JlpV v^j] '- ‘ »-[ S/flM ,y JA-V 



<j! JjL*. Q 

:a*5UI 0 L 00 JI JSO JL-V j v j^ 3I ol>» 3J^ ® 
V " 1 - i (j- = (u - )^ ^ V + (J -i - V (J" = (a ") 3 ! JJ 


'"(j — = (o - ) c lt 1 = o ~ -p - j/> 4 3 Jj^JIjJI j^pOo ^*-^jl. a*^**/^)! ^al^Jl 4>-l ^1 .LoqJq1£u 

. 4*5liM Aiodl jlO-l ^lOiOulj diolj>4 J-kuV t_>OoJlj ^ILpV 4_jO-sJI Ol 30>j 

^OOj 4iaa> Op ^IpI Jl JaJ jl \ ^51 ^IpI O' 0 ^oO*Jl aJI^xJI 4_j 4>J «l>Jl j^ki> o ; jl Jas*-*^ 

. S3 js*-^A ^*P jl aJIaU 4jWI Aj&JLftl I IaOP 

In flection poin t o I ^ u5 '' * j 

AkaJl OP j^Uk^ aJIjJI ^j*^Oa3 O^J l 1 - 3 £ t [ 3 -JJ* £ t [ A>-j*AaJI S^uaJl AiyJ*^ a 3I3 3 05 \T 151 
ola Op aJIjJI uOJ ^**j 151^ 3 aJIjJI 4_j5Aa 5I Akiii AkaJl «Oa jU .((->-) a 

4_jO>^a (_5Jp-^ UJ4>4» jl 4_jO>iJ3 ^1^ LjOv* j>5 Akjjjl 



^lill ollill o^Jl - OlkJl 



^ Jaiij y ^ 

Sis i y-j 

j-iUmJI 0>J £Sj AlaiJl oSs> ^ 





k_jJ^>J ol>Jl X cV c \ oLi^wJJ cj^ajl \aa) Jj>-jj 
y- Sis 43 y\. t>s 3 y-jj 

:j1 

>ajl jV caJIjJI ^aj Altai JAP ^ 

( 3 js j a#>J 1 <■ 

c_ 5 lajt 3 aMjJI ^a>JuJ -^>-jj JjULJ! J^-il! ^ "T 

,((V)a c?) ^_j AkaJl JAP j (* f) j Ala.iL> JAP 

o^LSj^l -Kfl.*i^ odaJUl 

r->^U^P i-Vl ^ ^ 

= (^cJlTisi© 

r - < ^ U ^p r + /- VJ 


■Jj>-J jl \-fcJAP aJ jUtaj JaJLi Jjs-jlj < JjLa^J j^jlp^f 3 


1>I^A3 3 


lNN 

• = (V-)i = {y~)s = (V-)i jV V- = (j-u Sis Al^aAaj c 2. k_ BJ S3Jj lAa 3 aMjJI 

ti = C*->* 


£- = (£ — ) _»- 


^ = (^+_a>V r _a) J 


(r-)3-(_ a + r-)3 

_& 

.-i-V + r-) 

-A 

(r-)3-(_a + v-)3 

_a 

• - r + (_a + r-)r- v (_ft + r-) 


i = ( +r -) /; 


V- = ^ xs aJuVS ^J-aMjM.'. 


V- > y laJAP 


[( + r-)6 # Cr-)/3] 


lP t 

r - < y laJJP r - X yX 

X- = (j<K LaJAP 63y>-y> yS 

X->y[*S!S X 


(+V-)/3^(-V-)/3V 
= (*)'> 


"(o') 4 


JiiUaJI - ii^JI oLu-bLJI 


„ 


r-r 


.ja-Vj ami L 





(J- 

_ r- • _ 

00- | | 


> 

+ Sa^r^ ■ + 

i ^y>vLa i )Ja>o 



4 ] V- 4 oo- [ S^liM ^9 JjL^V i^Jova i ol 

] * ‘M 3^1 J JsH V ^J ] 00 , . [ 5^1 
* I Jaaj 

AgJ^>- 4 jJoJ sbol ^Ju *£-j i iwi^ajl 4ia'a> C^.^J (• i V- ) (^1 ((V-)i c V- ) aIsaJI 0 

(j-)6) 4kaJl «Jja ^IjJl j^U-a 

,j^L>j3 Ia.Up Jjs-jjj Ag)^>- AjJjso ebol ^JcJ i t_CAiiil Alaai j^ya (V c • ) ((*) 5 ‘ *) S >3 \ C 

X- = V - : ^ya A^iLcaj cT- = Aba c Abed' aba 4»laa) ^yj^laJJ 

JasJ <ji J 5 b. Q 
- W = ciK' til® 


\->^b^ v (r + ^) ■ 

\ - ^ IaJJLP ,j-^ - 

.\jbtaXXP Iaa> 4 ^ ^ 3 \ ta\ 3 \ ^ J b— 4 ^JtaX>ws)i d>l ^£9 

d3 ] o c r- [ 5 ybJl Js- (j-) /6 JoC* jA&Jt JSbiM Jisj :~>nli fiSm 

. o 4 3 ■ ^'' ^3 \ 

o aM.\ 31 ^yL>sJL^3 iwjw)g^3l^ i_jjgb\ <Li\^y3 C 

.dbbd j^s ? SydiM «jja ^ i ^y^b ibAbl Jab Jg-jj Ja C 




J*‘ 



■)^- t 






































cT* 

‘ T 




































A L i .b e . aJ I jl w A tA<H ALubUl ^3",%t! jLLo*| 


i>* 


((-*■)* < 


* = (jf)6 d-g- j>- (_5^a»sj 4>- jiio 3 ya yJ y> J}l2id*>U iLli i 4 J|jJ| ySb) 

. 4 jbta ^y>JaP ■WJ (j>-).i jb tM^cJlS'bl 0 

.bb&a jbyS bJ) jb • <(^-)/6cJb'bl (Y 

a-)4)aa'.,)l ^jj JuJlZtj gjh~.,.)')l bjliJI AibbJl jLi>-l jb * = (->■ ) ^ oJlS" lit (V 
■ 4Jbta ^ J^y9 j! 4;Jbs^ l^J ^5" li-g- 



‘t/ 5 







\ 


:(. 

r) 

<s ( 












= ( 



iT 

J, 









'o* 


/ 

\ 






- V 

->■) 




/ 

< 

- ( 

„) 


\ 







-r- 

J, 








LL>t« (_j yw? 4«J (g-)i 


iJLsnwi L? »iaP 4*-S 


" 


45^11111 iJlUl e^JI - ^.JLkJI 


Jtiuo 

: o*?- 3 aMjJJ ^JjJl 3 Uo^ ls® 4 .£ iJL J \ jlo-l ^-Ood (yj 

\ . + r ^-A - 1 ,J- = (j-)a 

J^J'O 

£. IgJUvaj 4^*0 ,^$3 3 jO- 6jJ^ (^)i 

U- V ^U = (j-)^ <(£ - V)o- £ = ir' 1 - V 1 = (a-) 6 

= i V = ^ 4 • = : Xs- • = (£ - ''(j - ) = ((_/*) ^3 U.UP 449 -^ 9 - Jaij 4 JI jJJ 

: 4 ji 4 >ta jJL ^5 jl ^olgc- ^*3 3 ^?-jJ 4 *j\iM 4 .i &oJ l jLli-l 
4 aJ \* = (*)3 .'. * > \"l- = (') // i ' = <j* OP 

i- = (r)a .-. » < rr = (r )/6 r = 

i- = (r-)i .-. . < rr = (r-)^ r- = 

Jaj < j I JjLi Q 

r - '"ij-' = ((j^)i 0 - 9 - 3 a 3 \ jJJ 4 Jl>oJI ^oiaOi O-jl 4 -jliJl 4 jLodl jL^i-l ^l-OO-b T 

■ 4 --a^--i_pl ^al jQl jl -LiL-Jl -O-lsJl ^l-QO-lj 49 v>«a ya 


Curve Sketching for Polynomials 

s$§£i- 


3 ljI j-juS LjL J tfeJUJ j»LJ( (JSLllJI fl+uj 




<-r> 

I I 

i xajj c^Jbdil 4>- I JiaJl 

I 
I 


1 . 

<ijljJl JjLw 


cJljjJI OlOOj ^b]l jSs-Ol ^ 4 _j\— 9 - 


lLu 9 - j »-> 90 — > 


0^X3 ^3 4 a -3 jco l^a J— P- 3 4^1 -XU ^ .^J^l— - 1 xA—' ^lp- *A«Jju J 

^jOuJl ^ (jA 4 (J-) 4-JjOl jtJjjVI J-uuJj 4AOa 

JSCiJI ^Lp ^jyOG\ *t>J = 

Ai5li5l qa ^Lp JljjJl oLi>wuJ 

i + + '"lT'V + = ((J - ) 5 ®JJ^' 

-lalai«Jl (0^)3 = (j* 5 d**>- 3 aJIjJI ^1*31 

:^Lj 1*5^ JjULJI 

I SI 4 lag) J ^>- S^jUiJla j ^SsJ J 4djl3lyfl3l 4 ^«jJ\j S^j’Ui^ laUa^a j 4-^>-jj 3 OjlS^ \ ^ 

• 4j 3 y 3 OjlS^ 

jl 4 Jl>uJI y jJl^sJIj ^olaxll ^23lj jl 4-jS^aj^l Jsaajj 4 _jJj> 5JI Ol Jj Jj>Jj aJIjJI Ol j . Ju olj3 " Y 

OJ^-j 

. 449 - ^>Jl JaiJl ^UJl JSoJl is^juJ 4 _jJ49^JIj j^asUJlj "Y* 

. dUS (jSCal jl 0 IJIJ 49 -VI a) l a) l t _ 5 ^Oa ^islaj JaJli 3lg>4j^ "1 

iLSlySs^h JaiJl ( jjg».) 4iUo^l j aJ 1-0 \ 


" 


J^liiJI - ioJI 0L0UJI 


r-r 


dJU j 

i + - r ,j- = ( L /')i = j4> o*>- 3 aJIjJI ^*1*31 JSCiJI ^jl (T) 

J^J |<0 

■ 4j3ji C-^Jj 4^>-jj 4jl4jlj c 2, 3j4j>- OjjS' 3 aMjJI " ^ 

(' - = i - ^ = (ltK* ‘ (r - ^) - V = (^ " T 

V = c * = JJ-P * = (^j-") 3 J-LP Js 2 j 2 j a) 1 jJJ 

]V 4 * [ 3 jlo)\ ^ ] oo c V [ 5 ] • 4 00- [ ^3 oJjljla 3 j j£oj 

' = O- ^ • = (lt) //a 

cS ^us)l ftjjs |^j 9 ^Lp'if I jj£j J ] \ c 00 - [ 3 ^i)l ^9 * >G-)* 

S^laJl a J js ^9 IjAs-vo j^swJI jjSC j ] oo < \ [ 5^x01 * < (j-) ^3 

4jajij (Y c \) |^1 ((\)3 <■ \) AiajjJl 

(* t Y) i (i c • ) : £j\J>\s&-'$\ ^laOl Jaiij - £ *blj 01 JjJj>- "V 


u- 

00 - \ Y 00 

1 1 1 

6 Sjli4 

+ - + 

siJjL- 

\ 

/ 

\ 

3jL£4 

- 

3 uAso 

^ ^ ^ 


i Y 


S~L>to ^yoJaP <uJ Slaaj SJbto £ j*~P “U-i 

Otiil 



(icr) ^ ((r)i « r ) (. ,\-) ^ ((\-)o c\-):4JUli«i 


0 < (Jj la*UP 




= (u-)» = 


lil (,v -)3 = , 


3 a)\jO\ ^U3I JSCiSl ^.j\ © 

4 j|j ^AVU. ^L*JI J< ml) ^ 






i = ( 0)3 c Y- = (\)i c [V 1 \] l$3Uva4)L^U43l3 3 ~\ 
*>((j -) /3 ‘ o> j *,U*up * < (lt) /:> ‘ * = ( 0 ) 6 -T 

v > j- > \ Ujcp • > (j-) "3 -T 



^lill &J15JI e^JI - ^JlkJI 


^ o = JJS* :(Y) 

]V <o [ SjlflJi ^Js* ] o c N [ BjlaJl ^Js> 

]VcN 



JaJM 

eXaUtldl oLj!Aj>-*N ?1 ^*-^j :(N) ^y> 

.[v t \ ] juji j (i t o) < (r- 1 \) 


jij Q 

& li\ (,j-)i = ja o^=- 3 aM jJI (^j^vuJ UVp jl ( 0 

• < U-Uf- • < ((_/») ^ “Y \=(*)itV' = (i)j(]<»c ] l^3l>va dl^ala 3 " ^ 

£. < ^ laJAP * > ( L ^') // i < • = (£) ^3 i 1 > ^ laJAP * < (j-) -*3 “T 


l_j c I ^*3 Ak>-j\i '"(j - k — 1 + = ((_^")® 5 aMaM k ahaj ^s> (\V <\) aL a J 1 Ojl5^ 151^ (%) 

.aJLJL>JI 



3 ^^>vLJ k_£Aijl Aiaaj (\V c \) AlaiJl V 

« O) • = (N)^/. 

* ^ V r + = (^) /5 

• = v r + h:(\) t y 
nv = v + hOO^ 


c I ^3 (j-i cj + '"(j-* f + = (,j^)i viu*s- ® A^aJI k Alaaj ^y& (r cV) AlaJLJl OjIS"" IS^ (“l 

.aJUL>JI u 


J^liiJIj JiiUaJI - ii^JI cUiLjjJI 


" 



r-r 


bliki 


. j ^ d_ub_J! 4 -u*jLsJI ^1 'Vi, ,,l 

:A*3\u3l G-ji ^Ia> iJ\ I \ + iy^ ~ y* = '■— * * -*~ ^ aMjJI ^L>sJL* ^9 A-jLwJI A^*«la*sll 

cGRAPH A-iliM (JtP ilpo MENU Jai^slj A^UJl ^Xsl 

. Ajl^jl 6 jiU db ^llia Jjl) EXE Ja k^s\ 

j il jjl aJIjJI AjbiOl 3 jib ^ yi *up I - T 

dijiJj X AjbSO ^bjia o^>- 

: aJUI ^Lf- la »^g' 

Ui -> GD CD CD CD (ffl CD CD 

Lb|-> (EXE] (*) ( EXE] iai^l AlljJl -T 
.jJjlisJl \j£ A^a^a^ll #jiUl j gia»9 

*LuIjA 3 SiibM ^j3 (j^5) ^bAa "1 

^Lpl ^ ^£3 <X)<X>^>^ A)lh\)l 
. JjL*1 ^J\ 

y~\ yy*j ^ab^J ji geogebra ^«b y> ^lAa^Gub dUSsLaj .^LJl b&Latla i_***aj JljjJl jAju iLcxgJgiSj 



5 H® 3 s 

el® 






^[ T ^ + ^> 

= (, 

r )a 






r 




• Jut 


f 












uT“ 

^ 1- r- 

r- v 

- J, 







r 0 +a-) 


= (y)s O^p- 3 aJIjJI ys>C^ JjtjLaJl J^iJ! 

:Ja^f 

= y JAP A>-^>- JaHi '.Z>- j?x}\ JaAllI 0 

.aJls-vo (^yftlap A*J V = (\)i \ = y JuP caJl><>3 a*J • = (\-)i \- = y 

]° 0 <T\[ « ]• <~ry[:JiJ J\ t ] >V*>| l ] TV too- [ J| (T 

3 ^a>Ua ^ia a > ^la-a Aj >- jj T \ = y -UP c 3 ^a>Ua ^«ia a > ^Ls-a Jo - jj V V - = ^ -Uf- ! I aJaSi (V 

^yb^M k_jjlaJl Jaio i_S^juj \ = ja? ye ^y&* aMaM '. ^l*Jl J^ill (1 

r - \u~/~ — rf'-’i = f :0-c»- f = ja5 A^iUtaj aMjJI (-J^LaJ 

00 ^ I o"l 00 ^ Il^I ^ 

- - G-V -^- = W» 


X'+j*) 


O* 1 - o* 

? + yl- r y 


: 


ijisji ^Ji - i.jLkii 



ljLu^wUI dljltu 


m 



wr r-rujjLoj- ~m 

















A 





l 






















7 











/ 











r 





















y 











7 


cr“ 

i 

-jx 

- X 



v 



/ 









\ 




























Ktf f r ~ r U^J 1 — OJ 

•J A<l -(j“)'~ ' 3 II 'll J .15 aII J<,;,ll j t . . \ 

= 3 Jkv® 1 


3 ^ Uj^p • = (,J-) 6 V 

• <(^)/6 r 

.. 9 Jjrf lajjp a 

^ a a la a’) ^LswJJ A 

= ^ JJS- aJ^^o iak aJIjJJ ^ 

aaUsa ^*IaP <u^3 aJIjJJ j 


: ^LLla JSJ (OOa. J jl ) o^ljVI iaSLi CiUjI Ja^I j&J J ill jJI ■ '^"' Ol jaS Cjaa_>l 

n+V-V = (^© V-o-^-^W 3 ® 

'T + V u-A - i o» = (a-) 3 ® W : © 


- 




* > (j- k^p (j-r - j- 


= (a -) 3 


r = w>® 

® f® 


— y > ~^' = ((j^)i 3 aMjJI ^L?wJ aIsjU JJP jj^La-jl Aj jlj jl C-uJl Ql *J 

1 “ IT-' “ * W 

JJp Ajj>t« A_a^3_J c JJP A^is>^a ^slaC- Aa*S ^(V* - ^ 3 aM jJI j\5"” I ^ ^ 

aIoU J\^\ jl ckls VLr 

,(\- c \) AkiJl JJP iwJ^Jijl Ala a’) • = '"jjrfi t_> + ^jo I + '"jjj j j5vj O^so ^_j c I Jj>-jI ()Y/ 

: l 5 jL Loo JS SLbxaJI (jAsl^aaJI AJ ^jJI J 3 lin~>rtll ill jJ! ^-WlaJ pLsdl JSLuJI jixujl 

* < (o-)** r <^ J& . < (^) 6 t r >^ JSO • > i = (r)i 1 = (•)> ® 


J50 . <(^)6 t r>^j$3 * . = ( 0)3 = (\) 5 ® 

. <^JS0 • <(^)^ c >^J50 • >(^)/-b c \ = (N-)-b = (N)^ t * = (N)^ c 1 = (-)^ V = (N-)^ 

• <(^)// 5 c • >(^)6 jUr<^^Pj . <( L ^) // i c • <(^)6 jlsr>^^p ci = (r)a ® 



Jolilllj JiiUaJI - oL^UJI 


r-r 


Uu: JS LsLWiaJ ^LslII J5LuJI jaxu jl^ j <UI jJI ol u jjl 


w»® 

0 + L r' 1 - r o - = (a") 3 ® 

w>© 

r + V-V = (^) 3 ® 

w»® 

, , r r 1 
' + ^r‘ 

t ® 

w>® 

r (' + ^)(^-0= (a-) 3 ® 

w>® 

• < (j - L r , 'i“ - ,j-< 

= (^) 3 ® 


• > ^ [*xs- j-r - ,j-. . 




^lill eJliJI - ,_JU=JI 



Mathematical Modeling ALiU>bjit JLoJJt 

( j*A>&U> Ja>-I jA y > J ibLia fj\ ^ ( _^alp j! j$ ibsjl jl 

.(olilSCa^Hj OJagM) aISCJUJI Jj Ja>J " ^ 

■ AJl^JL J 1 iUo^ J ^y2J jl Ja3 " Y 

,i_.«.yUa ^Up ^S jsUo ' “V* 


J9i EJI 


jjjaj 

l>a[j>JI jjjaiJI i 


.jljjjM iUolj Jj>- " t 

ApUyfl ^B> A^aslj^M Aj>-AyJl_J 

". I,U«1„I I^ . jIU-l l 

J^liaj A~Ulj j ols^Af- J^Sj la a! ^JL a 

! yi-w- JjUUJI iaJa .^JI ^ 

.'9Aiii|> 1£3 >Ip ^*-J jia^l AlSliJl AjA>J " ^ 

- AaL^j - ylaf-l T^S) 

JiljJI Jjaajg gMSUI ,<uSj ' ^ „ _ 

(... 1 Ajs-U^a 

.Aj^lirdl AjljJl JjyajU W*^ 3 3>Uo^y_ -AJ'i ^JUuJI J^J&Uta JjJjso "Y 

.(oUUla - oVil*A ) OlS^laJl jU> "V 

.^>JJ aUS A*ysl> J 6jj)y3> Ai^JLaJJ ,_UUj ^A_J ApUyS m i 

. aJU^I A*Ua Jjsj A^Jihj j ^J s j j ^UL^' ^Sj-aUl J^- -® 
.Jj>-Ij J^- jjj# ^iS' 1 aJUUJ jlS"" li^ a>-UJI JjIjJI Jj a>J "*\ 

aJlsjJI SUsJl OS\ SsJ^a ^la»<J ^asL) ^S^ yjJl ,Ja>- (_j® (J-ygbJl (_>La>- ^g,«.) J 

jlls^ La ^*Jua 3 Aa^S jl Aa*3 ^aS" I ^yLp J^p* 33 ^' L-9AgJl (j Jj-a>- 

.aJUI Aiie'sh ^ US' Aaliadl ^ j^aaM ^JjMj <U>uJI ^ j^aaJl ^Jj)l 

jduo g§D 


LviLJI 3*. JLJ! d 


3 . --. I --.VI -. UIU,.. I I s® 


-«9^i 90 

3^^- ‘U'^' 3 
Vj-J£*U 3 


AjAplij J cOUa J^-U A*-yj (j^^ 1 “Ls-U^a ^S' 1 aJ J,>la3«>a i^-bu ) 

^2jj sJp-IS j_jLp Af-^U 3 ^ -X>-\j ^jUaJo C-^a>o c^a\V ApUjjIj 

.dJdJJ ^>.^1 Jlp JALJI L-Ij 

JaJI^ 

. Cj l* Sa»aU LU> aJ U ^ a 3 1 A>- U**a ^S' 1 twJ U^>J m ^ 

ijaa aJ^Uj jja< = ^»ia3.<. a" jjA^P (j^ (|_U®Uta3l) JjJaso " Y 

> = Als-Ucaj 


JaliUlj JaoliaJI - oLabUJI 


„! 


t -r 


+ j fcLaX\ iljLLcdaJ 



ol^Aidl yJ Ols}L*M 

X yJ = ^ jjJsaXfaU-ftjl A^-b*^ 

^SCal j\ Jjs-Ij _^Jcu ^ ^ij-ciJl ^ 5 J 

(k.LjJ,y.) J " U . A = HL 
Lr ' \r v f n 

0 ) [^‘•]^^-' 0 } = ^ •■ 

(a" ~ "* ) (j - ^ ^ J j 8 * ** ^ ' 

i Vf^ n = W i = f : ^^ 


-r 

-t 


o* a^aJL ( Y ) as!}L>J 1 (JlSuilj : ^^isLjJl ^b^ajJl J^«- - ® 

A- = (^)/6 < ^ A_n 1 = (^) 6 .-. 

* > (a-) ^ jj^i j 1 = rX A n = ^ •'• • = (tr*) A xs- 


Aa-liM 4 j>- A laS»3l iXa> jls c la-jb aJL* AjliM AjalJLj'j <. *1 = y* JAP £j^g-j Aj>- y>- Alaiij 1^3 ^ V 

.Aji)ila3l ^ftlg»3' 

A = (l - \ Y) A = J^s c 1 = y J CP Axilla ^yUaf- Aa* 3 ^ 531 Jkl3 .'. 

^■wA 4 ©lA*J lajjp A^-Lm*-* y^ I «IoV ■■> ftJ3 ■ o} ' 


,*-U la j]g% 4_a.^a.) J jls a^Sta Ji-b A 


oi J^b. Q 

^Lk* yfX Jk»-j\ Q 


A-fllCi JSl oLuta. 

y& ^ ^71 \ • A i 4- j yj ) k_a.iLk ob A^lj AjI (_ jip 1 * | _j-^>- a*a^j a-lo il^j (^Y 

eJo-j AaiSsj cJlT lit t ( > aa... J I jjj Jaai ^Jl jJa>.<i^f I *^eJl ^ |»Jj *— > 0^ '■— 

AaiSCjl Jjcao J$\ ksmy^\ jl*jl La .^jL>Jl j|jj>Jl y» As-Lkujt eJk>-J Ail^J 4_a.«.^ y» As-Lkudl 

la JS1 

J^J|<0 

.ijjjJlj oUajuJJ IjLj a3L«a 31 ^*-^j Aa151j J5I k ^ 

^a3 4_a.kA) J jl? tljla ^ ^lajjl jl o°y^ 

j ^Sos l^x?“ — ^ = jlAjsJl Jj-a 4 js-L*uJI 3Aj>-j AjliSCj jlj I ^ = IgjApli 

.1^0- ±! = A*15sJ I k &J I J l^*o- s~ V = j^a As-L^l S*X>-J 

;(a>-_u>^JI) o! jjJLuJI y*? ols^L*Jl "V* 

3L»-L^a eA^-j ^jJ7l X = ^lajj*^l x eJkf-laJl Ja^>ta = ^J>\ Aj-U^a 




^lill iJlill e^JI - 4_JU=JI 


SJ-p-J * '{JUX = 5 ^5sjl y = ^ £ 4 js-L*-« 

(^r + £) ^>- ^ r = ^ r x r ^ y + x £y»;r r = *) U&i ^iJls3i 

jSCj* ^ ^yojJl £* aj ' t 

^rj, = n\*i\ = <£^>n :. n n-a = ^tjk-Vt •.• 

(^r + ^) r = i) USOi ^LJ\s3i 

'V'^TYNI = (^)a = i3 

‘tf^-Jih + v "^^r\i- = (y)4 J*. -o 

(sJu»-j 4iaaj)V' = i_?" jj. (jl pp = ' I ”-l?' .'. • = (-t^) 6 -UP = 4 j^>JI JaiJl 

^Ul^uJljL^I 

• < (r) /6 .-. ->-n\ + X 'ij>^>-Jii?r = (u') / 6 v 

jj$C J ciwiJ\5Cj Jsl 4jtaj^aJJ jj^J jh-al V 4-auil 4jl jla— ^iaS UM.I J jj^J LaJUP ; jl (_jl 

.i^u \ r = pp JJjup l^plijji 

(ji j^b. Q 

c4jj\p eaLaJ al Jj .4jo Jjz 4jJS - lij cL-*SCa 1 YOY 4 Xjl— JjljiA Jjj-Uba (J^*“ jl^p- Y 

V* * l. J l jpJt k_ii5sUj UT ‘■Qj* jZ* l&^>- Y * «-Ua*31 twiiSCx) j ‘■^j ja j lgUa>- 0 * t-ilSo 

.^SCaJ U JSI 4jilSCjl Jjcso JjjJLbaM a\jol Jj>-jI c^p-a 

iuLp. ,-, !5pU~ ^ 

IjSo Jjb3l j-® S^i ^ u " j-* 23 ' J -b-J^ ‘ JjtuJt -b>-l Jjp -buj j Y apUjjI jl-b>- X T ; 

■jM,> 

JaJI<) 

oLlaxaU ULo a 3 L*uJ 1 J jb j^o2\ ^ 

!(j! ^ys jij !Ca! -b-bu "Y 

• = jl-bsJl Jjp ^LJI l_S^£> Jj«j d^la JjP J = *L*J^ J 




! ill — J! 4a>--bj -Y 

(\) 

V j^ + V (Y + (j-) = V J 



(Y) 

'> i + r = ^ .-. 

j* 

\£j** 5 ‘Ua-J 

V J 0 j' (_5^i J ijle j^aa' alsoV 


. yu ^)l 4— uJlt ( Y ) c ( \ ) 44^*J| jJa (jlibiL - 1 

- = ^4 ‘ ^4 ^ v + \ X (r + ^ ) r = CJ) --. 

' L^ 1 O* 4 O* 4 


“ 


J^liiJIj J^liUI - ib-JI ob^UJI 


i -r 


i £ < j cjLLcdaJ 


a- 



( r J)^ 7 SjUI 

- 

4 * 

Y J 




(A - ')( r + ^')'' = » (i^-V + (v + ^)r = (’J)^- .-. 

v a" ’ 0“ V 0“ ’ 0*1 

jji^s = — :*>■ ^>JI JaSlJ! XP 

O" -* 

' = A V ^ = lT ••• 


+ - j-° C S) SjLJM ^Ju ~^>Tj jaaSlxJ'j Xl^dJ I^J jj* 4XOLdl jLx>- 1 j-° 

JjSsaJ La ^X*2>' Y J (jj^J V = (ja -Up .‘. 

1 = 1 + y XV = ja /. (Y) ^ ^^dl; 

O ) 

TV i = J.\ rr = v (i) + v (y + y ) = V J .-. 

I^a TV i (ijL-o JjxJl ^ j^jV' jaJ^aj^L, j^s3' Jj^oIlS' 

Js^H 

4lafl»"j f 4iafl»" ^3 O'-o'Xs-'V' ^iaa> j (Y c V) _?- 4iaa»'L> _^aJ ^-J [ Xalxia ^J>\ Jj>4 ^ Y 

.( * c * ) 4ia~8) j lUo- 4j«j _^ a SX>-j \ Y ^jLO! cj j 1 xJdaJJ 4a»-L^a jl <XXS' c cj 

CJjSIJil ^UapJI ^ ^ 

4laa>va Jjiso (J jJl ^UaS)' 3 V>'i V 23 i_V<flj J jia Xs-j' \*l 4as-L^a ^ ^jib ^-Uafl jSCi Jp XjXxa 4*ia3 t 

?jji X p 4X j'j (_^V® Tj ‘jVVd ^ J 3 ' 


= ^-UaJiM 3 yb ^laS c 

0 ) 

rr 

u* " 

(Y) 



JaJN 

6 J jls t J ^UaaM (jaj3 Jjia j' 

J + ^ Y = £_ ^UaJiM Jaasta .’. 

\"l = if* J y = ^UaHJl 4j>-L^a V 

TI_ + tj> y = 2 . •'• (Vji 

^ ^ TxJL (Y) i3Lali\j 

1 * = _£V_ C J^_ r = JT_ 

r iT v iTi v iT iT -* 

tfi 

jSsaJ La Jii ^UaH)' Jaa>ta jjS\j i = XP .‘. 


i = ^ 

Vi 


- = 0 .-. 


0 y = ^Uadl 4j>-L^a '.■ 

jaj <ji B 

.J^LaJ La ' 4a»-L^a Jjcso ^UaiJl 4j j'j (j^L*S Xs-j' Y = ,^^'i ^Ua3 Ja*>ia j\5^ '3^ ! i 


“ 


^llll iJlUl eXaJI - iXLkJI 


ljLu^wUI fiMjjj JlI! dljltu 



£ - r u-jjL-qj' 


.jjji.x*31 Jj>-jl CjjSs^j la ^*5* 1 la^j^*g r • Uk^pj^j>va jli^p ) 

Cjj^aJ la ^Ji^sl ^>-*^1 ?u j-£ c_a.».ygj laJfc^Jc><gl ^ ^ aj>yaj cO la^PjaJ>ta ,jla>-^a ,jl>vL>v»<g JjliJp V 

.JjJiJjJl Jj>-jl 

.Jj^aJ la ^Jl*s 1 ^(Ul jlT A^j^jca 4*J^ j<^oi 1S^ jjl a — a > -^.ft3i iJjJl Jj>-_jl V 

.l^la \ V * 43 jle ^l**»J Jal>J jl J^SCaJ JSsJlJl Al>3a“«.a jjaJj^fl Ag-U^^a ^*5* 1 Jo-jl 

.Aj^jli jia3 J jig Jaa-jl c^SCaJ la ^*5^1 AIs-Luaj c^at* 4la*>ta ^UaS 0 

c^aV 1 • (JjL«j \^3jS>-\ £^a4>- ^-jac^a jl5"" 1S^ . JSCi3l Aju I gJ Jp\S cal5l.la"<<.a ^ jl jla 4lja ^Ip 4jp *V 

. jSsaJ la I lgaa>o- j ^ * 3J {Jf^~ l*^l*^3 Ja>-jls 

4g-L^a -^oj laJJP AajlijJl ^xl^s j^a J5" J jig Jjs-jli c^-/\ * (_JjLuJ Aj jlj3l ^j\S oJda jjj J jb jlS"" li^ (V 

. j^aJ la ^*5" 3 cJlAlaJ 1 

4«lg9 ja ^g-^l * Jl j>Jl J J>- ^l—a £*gj 4^L^ iJa>- . * Jl jgJl J>-1 ja ilLso JjL>- A 

0 Xa 4g-L*aa laj c^L*Jl ja _yOs A * * 4ii*aljJ A^laa 4js-L^a l) AjgU-^13 JiL>Ji j-a 4A.jg".<.a jJjl 

?J&Lc>- 


ja jjJ Jal) ^J>cgjl OlJo-J j-a ±3 la^JU jT Ajl*u cOl>Jj-ia3l AJLjuJ Aelita J5sjl3l Ajl jit*al c_Jp S 
.(^) Igj JpIs _^ia3 < Ja^aj > J j]g ^3 (^) 4*1*31 £-jjjjjl aL»*J Jj>-jl c SiUl 

.aJ dj>-L»wa 1 Ja>-j\i cl jXa it * c_a*Jla3l Joa>ta jlS^ lil^ c^j^jli ^^ajj Ji»3a“.<.a jSsJi ^jlf- c_OLla \ * 
(^Ij (j-a JjU3l ijAjJl J jl a j\5" lil^Jjj^s-'^l A»jlL» 45 Jjja J5^ J jl a Ju»-jl c * 6jJJ J jla 4j j!j3l ^jls cJda \ \ 

la 1 _^J_j3l ^-ajl«3l 4j jl_j3l 

cAiUaXa olaoj-a Ajoj'ifl l^j\5jl J^a ^lafl c^dV i c ^*a\ 0 sljjo c J. 3a»«. a JSO Jcf- ^ jia3l i3jj^' ^ 4*3a3 W 
laJJp 4_Aac3l ilaol c M ■* «^>"1 . allaf* A^ip ^ip^3 Oj^Ul al^^^l d»^a>J c^%-*^ l^-a 

.jSCaja ^»c>- j-^l 1^3 jj£o 

^ jl>Jl a^la ^iJlSC" jl OJI . aUl Ja A1 o«> 3 A^a5" ^jJ cA^ulj A*jl js^j cAj Uja AjJpls c^jlia 

.Aj Jpls ^Jp g J ^j3g c_ a yg ) AiiaP (jlS^ lil^ Jj^aJ la Jsl A3j\p Aalg»»a Aa»lg) J>-1 jJl 

. i - X ,j* y = ja? ^a>vLa3l ^jlp ^Hjj (o c •) AjaiJl Alaaj c_J^Sl J4>-j' 

• = V (J^ ^^a^-aJ'j * = ' * + jA>V - ,ja Joo j^aSl As-jl 

M 




JaliiJIj JaoliaJI - $UaJI oLabUJI 


i -r 


j iljLLcdaJ 


\ cJcuJl i>-U^a Jjc>o oj 1 4 j (j^L*S • jL^l$ / L-^ c f cJcu U I 

■O^Aj 

£ j l>- Y + j li>- V = O 43^A*)l (aJIj) j Ali>J ,^1 J-LP Ji jLdJ 5 _yb ^ (^»^aVl) O jL^M S-Li ^tajo 

.3 _y|jjl 0 Xa jlAJ <W»3 ^^aSl La 

j J^ajJl 0^9- £ y^- + V • • • = ( j)a ULls j-P Jfirfj ^ AS-y^y* \jjX^J APjJ^s J-aJj 

.APjJjJI ^>t>J (^SkiajJl Jj^p £ oIpLJIj y^jja 

• j- y = j-=- -*-=?■ <■ f** o* = v 3 ^ ‘ • <*Lk? J jls i->- u I 

■ JjSCsJ la j at A 4j»-L^a Jjc>J y “UJ A»-jl 

3^1 jJI jjlp _a> ^iaiJl £_j c f J5" xs- Ij!>\jM jL-Ua la j\*H £_iyij J jlo 3 ^b ^ V t 

P^puJ I 4^-b*ca d«»> I . £_ *, * I ^lp — >■ £ _£ J^-a D^jl jAJ ^>-1 ^alft-a 

.4_*J 3Jj>-J '"-^Y i^jLoJ _£ -J>- £_j f 



^ISJI dJlill e^JI - ^JlkJI 


I imgJJ jiilo 


: ]>_> C t[S^aJl (Jlp (JlaObb -SJoVS Alb a J^CaJ :b^lai 

^cf[^eJjiljl« 3 jU]^>*ff 3 ^ .< (j-)b j\5" bl 

■]^J 4 l[ ^Lp A^asLo i jb ]u 4 f [ pbiM ^»i>s3 ((J-")b b[ " Y 

: abv ^t->rt‘>tl 

(_P-)b j\ • = (_s-)b <■ ] u t f[ 3 -s- Oils' bl ((_?-) 5 < -^-) As-^>- Altai ]^_J c f[ jjlp Al^aldl a a31jJl3 

.S^>- 

’( A tl A tl L fj«,/« tl p a ^ A tX»tl P (rtTt 

:a aMjJJ Js-jj Aib O 9 .s- t i_S Lgllsts Alcala Alb a Oils' bl^ 
(_s-) a ^ (^)i jj$o O^so _?- l_J Z) ]t_J c t[ Aj>-^lila 5^3 OAj>-j bl^_»- JAP A^L>vO ^*iap AOJ " ^ 

(_s-) a ^ io*) 3 0 jSC AOso -?■ l 5 '—® 13] 4_J 4 I [ As-jAas SjA9 OJs-J bl^_s- JAP A-lsaS Aa^S "Y 

.] v «t[3^JS3 

ia L t .b e . aJ I ^jjLaJt _$ w A t^*tl AiaT.t. A tl j|_Lo*t 

:Oso _s- J js- As- jAha 3 _^A3 OAs-JJ 4 _s- JAP aJl* 21<JI a aIIjAJ As- y>- Altai ((_s-) J ‘ -»-) OolS' bl^ 
Alisas ^*iaP A*J (_?-) J jlj < s- < ^ LaJAP • > ( ( _ r ») / a t -s- > ^ laJAP • < ^ 

A*lswa iLtkb (_s-) J jb 4 _s- <L LaJAP * <L )b 4 _s- b" LaJAP • i> )b " Y 

olS] v .l[ 3 _>- JAP AJks^a jl (^yalap A*b J aMjJJ OilSj ]t_J 4 l[ ^Js- JlaAAblJ aJuIs a Oils' bj_ I Aj ^ lai 

* = (-)* 

i aLalsw 2 >13 aUtJll p_t2J| 

3 _^Aall ^jlp AaJdaa j ^ii^5 A*Jj Aailta p iuJ a aJIjJJ jb [ 4 _j c I] 3 ^AaJl ^jip Al^aAa i aJIjJI oilS" bj_ 

•lv‘f] 

G b J b e- W t LJJoeJ 

slfls (Jlp SJoljAa 6 Oils' b^Ja—S? UAsva i aJIjJI (^yAsO jjSC <. ]u 4 1[ OjZib\ ^Js- (JLaO/^U AJub a31j j j£si 

. S^Aab alas ^Js- A^aSlo b oils' b^^lpV IjJs-vaj 4 3yb)l 

Lj Lpj fc iLa it aLuliJl Aia*T,t. A ti jLZo»l 

:Aib ] 4 > 4 f [ S ^^AaJl JlP (3LaO!il3 Abb Alb J JjSsjJ -bjiai 

-] ‘- r > 4 f [ S^AaM ^jLp Ja— S? IjJs^a jjSo J i^AsO jb ]4 _j ‘ t[ ^ j-* pb ^ua>J * < ((j-')'b jlS' b[ " \ 



J^liSJIj J^liAJI - SoJI olOsUJI 


(iugJI jiilo 


•] V 4 l5^ 0^ ] V 4 ^[ ^O 4 ' ft? > (<J*) //:> 'H 


c_>-) aIaq. J \ j ^ s * a31a 51 > c f [ 3 1 t[ S^jJl ^1 p ^ c-JlS" ISl 

AlaalU a Ajfc AlP aMaM ^o^Aa cjAao _^Ju lil^ 3 aJIaJI ^a>A«J c_6\Jijl A la a i ^a^A! Alaa»U aAjs jU .((_?-) 3 

• pjAa^a ^Lp^f k— >Aa^a Jya jl k_J Aata JjLa'if pjAa-^a 

< Lcb e . AJt jJLaJl _j w ^tA«tt ^uilJ 4_uliill ^rtlmoTt jLco^l 

• = (_?-) / 3 al~a>- _>- (_g ^>J Aa- ^lia 5^3 ^jlp aLjlj AjixjLa 3 aJI aJJ JjSCJ ! 4jjjaj 

.iLUva ^JflP A^J (_s-)3 (j Is * > (-s-)^ OjlT - \ 
,aJl>^ J jk*a A*J (_?-)3 jls • < (->-) ^3 OjlT li| - Y 


:aJUI ol jiaa*J! ^Aj ( ( j^>) 3 = ai.~>- 3 3jAa>Jl e^. 


ljIj_caS LjL u Jfc l a 

^! r UJlj5^l r ^ 

1S^ AlaiJ A^aHj S^jUkAa jjSCi J aiAjbl^all Jj5»vj A^JIj ^IjlaAa IflsLatAa jjSC Ao-J j 3 Ojl5"" 1S^ " ^ 

.Aj 3^S 3 OjlT 

.OAa>-j ij\ Ajk>vijl (_g ^jL^all j ^yolaxU a_£ULj*ih Jaijj cjA>aJI Ol jIS Aj A aoj aMaII Ol ^Ju A»ulj3 " Y 

.Aj>- ^>J l JaiJl ^UM JSCill A3 ^juJ t_>Aj>AJlj j^asUJlj AjljJl JjAa- 3lAp4 “T 

. oUjlAa-^ll aIIaM Aa ^Islaj Jajij 3lao^ " 1 

.*—u_pl A.^,^->a] A^sl^a^h JajjJl | j^».) AjUtAu*^! J aIIaII 



45^1111 aJIAJI cJl^I - ^_JU=JI 


& (LoLc U - JjL- oJ 


:5UaxaJI .I^yi jt. j.-> 3^ .^,^11 i>L^f| jlil 

i 4 JI jJJ 4j>- yi\ JaiJl 3 Ap jl9 yX 1 - V = (y> ‘ V [*■ ‘H = 2 & 'H O 

r 2 r ^ n (5 .1 

(y)^ oils' IS^ ‘^ =rJ ‘ \S j -**2 *02 2 ^1“^ j j^j X 

y- * (j - * ' + (j - ^ '-(j-'' 1 

^jlO (y)s jlS' IS^£_ t_j® IjO^a 3 aJIjJI Y 

\r + r i £ ^-r * V- r v V- r 1 

i! 4^*3 jls £ + ''(j^' ^ y = ((_^)i iO^p- V = y Of- 4lafl> 3 4lljJl ^ypwj (jlS' IS^ 

i 2 r ^ r- v i-l 

^jlO! ((j-<)i Oils' IS^ iApva ^*Jaf- i«o i 4JljJJ j^S-o 0 
X yX- l y 2 yX + r y * \+ X y V. r - V 1 

: lS jL Loo JS ^ J ill jJI L> -a3ljj Ci I y & j ol jii Ciljia jo^ 


r ( 1 + (j-) = (a") 2 A 

V - V = (y)> ® 

V (^-^) = (^) 2 © 

V*' 1 - i L >- = (a-) 2 © 

( r - O') V = ((J-) 2 © 

X y - y t + 0 = (y)* ® 

N - yV = (a-) 2 ® 

y^W 2 © 

X + y 

— + ' = (^) 2 © 
y 

: JSUOJ^^ j^oSliiiVI iaiLi^ ^yk-V 

ojOLII J JiioiV ojOUI Cil yS jj^ 

V - V = (y> ® 

V - V = (y)> © 

v (' - y) = (y)>® 

V = (a-) 2 © 

lT 

V - V = (y> © 

V + y\X - X y = (y)>® 


: lS jIj Laws JS CiOi. y jl J ill jl! iil^aJI ^^uaill yiill jy. jl 

■(f - a*)a* = W © 

v + V r - V* = W* © 

X y-y-\-l = (y)> © 

V v -w>@ 

“-a- 

4^ - w> ® 

\+ y 

A + X y/X - l y = (y)z 

= (y> ® 

T (W^ = W 2 ® 

- = W 2 ® 


: ^j-ilj Lao JSJ dUaxaJI 3 jjill yi J ill jil 43IU«II ^^.uaill y>UI j_?l yl 

[o.r-] 

M + ^U-V = (^) 2 © 

[r.-] i-V = W=© 

[' ‘ '-1 

N+V-V = M 2 © 
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J^liiJIj J^liUI - SoJI 0L0LJI 




[i.N-] (NV-V)o-= 


[**-] 


* > ^ Uxp 

- < j*\jaXS- J*K - J* 


w»@ 


: tS jL Loo J£ SlKxo.ll (_jol ^aJI <U ^jJI j 3liKioll ill jJI ^WaoJ ^Lxll JSLluJI jl 

.^ r 5 cr? J.>(^)^ t . = (£)6<r = (t) a ® 
y<^Uxp. >(^)/ 6cr>^Uup. <(^)">< • = (r)6co = (r)a ® 
cY < j-Uxpj r- > ^Ujdp • < c » = (r) 3 c i = (• )a £ A = (r-) a ® 
* < Uxp • < {^y* t • > Uxp • > ( a -) / 6 
* * > ^ • > (j*Y> c r > ^ > r- Uxp • > (^) 6 1 • = (Y-)6 = (V)6 <r = (*)j© 

• < j- Uxp * < (j-)^ 


j jl < I -Kaj j iii^aJI ^^j-aill ^jUI I^lLp I j, < « a iiiLUl ol pia»ioJI j^j JSJ ^Lxll JiLJ'JI jixujl 

r + j*i - V = W» ® V - * = © 

f + 7= G-)>© v (^ + ^)^ = (j*)*® 

V-^ + ° = (s)> © r-^u + V^-V^ = W 5 @ 


XP A*L>va ( ^olgc - <WJ aJ j j$Cj C~po .S + (_>■“ ->■ + A-> + '"(J-*' I = (> _ 5 ^>Xil] _£ c _>- (_> c I ^*S j*P £V 

a— jl *j (» < \) XP aAs-vs A^Xj 0 ‘ *) 

. j^Lajla I 4 j>-L*uJI Jjc>J J.la'X.aU i\jo! ^S> U . J.ja"».i8 XLfls ^jlp aL^Xj a jj I jZa V • aJ^ dil*u 



: JiaX^ ^ V I JjUJI JSxSJI j ® 

ax>~L^ (j jl ^ j J _a jSCiM jl c*Jl 1 

v + - V* = f 

Aj>-L*uiI 3 AiSCajs AuX Xs-jl V 



Ajjjb iwi^ Jjls ^UaS Jp- ( 3jj3l j^ A*ia3 0* 

p* ApLflJjl ^j\i& (_5 ^jb ^rb **| jSC- X’^ <Xfc > y* ® 

AsM>J\j ^ ^ jl j*J 









t^pliJI dJUII Xl^I - .JLkJI 


• Ji-l j}\ la ^laS J jl 2 At- yu* o^S"" Ji-li l $ a*2j J^SCsj 4j jjita Ajt j1a** 1 ^lajjl .As-jl (o\ 

■ JjSCaJ la ^*5"" 1 Ajl A~jl>Jt Ajs-l^udt j l aJAP 


AbUldt JjA>OS -^3 y ^3 £^aJ>J Ajl C*Jl 
.<^c.<!d^ N ^ * 

l7tV r v+Vt 

I aIsaJI c V y = jal t yl = V yS ^islaj aIaA) _>- JjSljj 

aJaHJI c V ^jLuJ ^^A*Jl lgJljj>-^J = (J^ ^Js- £-25 

Jjs-jl t _S- 4 J J Aka^ l ^ r y = y>l ^ £AJ (y> c J . -)o 

<wJ f J vi*iiaJl3 AiSCaA A^-L^a ^*5^ 1 


S^lau t^j*/ Af-lflJj^J V I^aUa Jjis AjUjA AjAplS cCj^A.Io a ^jljla Jys jj^a tsl^JJ ^laia jl^i- 

Aa^S iw^*A>-ls lo«$Ca l^la VV \ 0^ .y> l^plfljjlj yX Itt^iaS Jjls Aajli Aj^jli Ajljifi*al 

.J^SCaJ la JS1 AA>tla,Jl jljidl Aj>-L^a Jjc>J ^)1 j- 
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JaliiJIj J^IaUI - oL^UJI 


" 





( % juijip iLiiai 

:^S\ ,a aJIjJJ (^) jALjl JSCiJl ^ Q 

9 (J- U.UP s_j^>vO 3 1 

= JJp- s_j^ajl 4ltaj 4J 3 V 

iLUva (^yjap 4^3 3 aJIjJJ Jo-jj djU • = ( 0 ) 6 = (\-)6 jlT bl ^ 

= j--^ 

9 ^ jSO 4^asUXa 3 * 

. >fd^ v + ^f = (^)6j\5' lil ® 

.£jX>-J l$Pjj U-^-a 3 aMjAJ (_$ j^l3 4^3 3 js-J O^ot I 
5 = o 1 V- = ! U-UP 3 aMjJI j^asUjj -bljj Ol ^3 3 Jj>- V 

*0 "V)^ = (o-)i i ilUJ j^UJl J Joljdl Ol _y3j A^JI Jafcll 3J^ © 

£j\ j22 3-Xo-J 3 a)I *0J 4o- lag) 3 J^-J O^ol c V + '"jjrfl - '"(J-' = ((J^)i jir lil^ ^4 

^ U*lp aJ Oj. d-)i ^£3^ 

: 131^ = ^ 

C0^>-J^ j-P (v) ^ 4 * = (r)i = (\).3 4 [o c \-] \^1 Ux*J 4l*£2lo 3 

V / ^ U-UP - < (j*>) ^ 4 V < ^ taJUP * > (j^) 6 4 V > ^ taJuP * <G-)* 





= (^-)3 <£, (Jlp iJula i)b 3 oi\T 15^ (l 

k_j cl ^3 Jj>-jI I 

.OJj>-j jl c_j^aj*^l Jaiijj JjL-I i_>Jj>5^lj ^^IpI ^j5|. cjJosdl 0 1 ^3 3 Jj>- V 

c 0 l ^ So P(«>c Y 4-*^^*^ ^-*P 3l*Xp^\3 4 aJ^a 3I 7^~ 1 4P-^*j>va ^j*a V 

.^SCaJ U 1 ^liM i—oiSCsj JjVl laS^.oM '— >j*s Jjiso l « T -4 jj-dl 

J ij c3 4j|jjl j^>vLa Jjliftj! (j^-> A 

^lbjj Obl^aJl jj>va V jlT 15^ 

^ (J 4d->l.u.<* i 1 

>Y~j ^x)l c-> 4)a5. J 1 Jo-J^ J 4 _>- c o lag. J \ 


fl^Y ^lill dJlill eJL^I - ^_JU=J) 



N ^ qm Us -U p + ij* I + ^ V 

\ — LaJJp , Y> - . v^r 




e-UlaJI dlJ j J£.Llu .4ILu ^Jl ■_■*«"»- Lia. 4 _i jl^LoJI ^jl^Adl ^ " d '1 nc. ^ ?4 J^Luj ^ ' J J^LuiJI ^jl_u3 Cu I j 

<£xa^lJI 4 j1a£. ^jJIj Slim d_aK ( j-Q Jj^ll j \ >q ^JL J-al^jJI 4jl,o»l 3-°JJ J-ol^J-ll > fll /m7\1 ^-S ^jfcLtu La-o d ' j I U a 1 1 <L^.LuiaJI 

ysL J-ol^lJlj \ w .*11 J^KUI (jxj JaJjJ ^jJI j JjLiliiJI 4j niLuj^l 4jjJ»ill JAik ya J J^aJI J-ol^jJI i_Sj-xill ^2 SU»-*-o Sjli ( _ J i^ 

^ l \ . I j V W /n II J^KlU d <\1 ■x*'" cMI ,~.l a \ *U~11 A 9 \ ^_lc ■ Q j * "" J ^ <ii ~ w ~ ^ jl 4_> j^xjuia d a U \ a 4-2*1 <na jL^dl ^-S \. W *11 pi. W~ <■■! j 

. d >“l >-s. lij 4 .u^L>jJ1 0^1 ‘s n lift II ^ 4 LijJI 4 -vjfl'i 11 




K K 

^r" L r , i( L r’) >i s ^ = L r , i( L r , ) :> ^|_ 4 

K 

■^O y <Jb ^ i (^) i L|_ ♦ 


.4^*-Lwd ^i>ej} l j^aSj Cj'^^JLa ^ J^lScJl ^JlPxlvwJ ■$■ 

3 J* CU>6J AjjlwwaJl 4<?la>oJl A>-jj ■$" 

Jl>s-aJl ^3 ^*3 ^oj>J <LlL>» jS> (^) ^ d~*>- oLamJI 

. 3 A>e_aJ I ^jwdl^dl ^1 A>cJA»<1j 
• Ojj«,^g>g^Jl 4j^LvwaJl 4jliaXaJl A^-Lwv-o A>-^j 

^L>oJ jwij" O^AS\JL« Jl>- ^3 ^A>c_aJl Jydl^Jl aJj>c 1 w%j ■$■ 
,olj|Jb-)M jjl>^ ~b*-l (J 


: j! (wJUall ^jA cl^3 4J a^J V I Jui^J j coAp- jJ! oAa A*j 

jji. ^J^dl :Jid ^ 

O" i tr '-* a" jJ-aLScJl 

.Sj^LxSfl o^lScJl Jjj^-j S-iliJl JljjJl JLISS JtyCj ■$■ 
(JvilkJl J l~*LH I a^kll) J^lScil Ji yCj ■$■ 

,^\y 

O* i ((_r“) 15 ^-( “ = a - ^ ^- v 4 

* = ^ i (^r"^ "^1 4 
t_r" ((-r**) \ ^ = (_r" $ (o*) 5 ^ ^-| 4 

±(^),] V \, ♦ 
ij-J ((_>-)✓* ^-| i|_r“ i ^ "^| = 

^-[= L r" -5( c r“)' s \_, + (_r"-^^a"^ \ 4 




Methods of Inegration 





2 UJ La4 

\ ^Lp 

131 ui S^ii ^ 5 a5IjJJ 3L**sCp 4iiiyo 1^31 o aJIjJJ 

O 3(J- JSC] ( J-) 3 = (j-) O : jlS' 

j-i 

t_jjj»j) iO U-**SU»JI 4jjiJLjJ oj\j (_$1 4iU^ xs* 
JoJCS- 4.«..>jCoJ ' 4 .a.-.i-j I jUj C~>U)L 

o_iU>J ^Jl tU> + ( L ^x)i = oL^>U*3l 4Pj^j>va-> 

^ (-5^ J^j O OjliM ,^9 l$*4UU JP 

J^Jjl |^j9 US" 4j jl jia oUl> 443 j^9 d\3 S3 ^jUjla 
^*P sJjfc 4— ^jJl CoUuLj I 4Pj^>J>va *Us— »Q ^jlp ^UUygl -kjj cjjlJUJl 

: OjA> J a" i (o - ) A : _>lA ^ 

^ + (o-O i ((J-) 5 "V 



[' (O-Lalj -a^ui 

jU^auJU^VtSUJIM^l 5 

.iJb ^jUalij aUijJ 5 

5 

.tS^L 5 


3 .-. l-.VI -. I'lU -.l l gj 

Antiderivative i~SC*JI iia3-JI i 

jjl^I jJ> J*l£J I 5 

Indefinite Integral 

Differential jLolij i 


:4jJQJI (j-sl^iJI «H jji. J ->l<'~'ll 

: jU i_j 3 ^aJl ^ jU--5Cp jUaXj^a L$3 j-^b ^ c 3 OjIS" bl_ 

(j- i (lA </A ± ij- i (lA 3 ^ = a" i [ (lA ^ ± (lA 3 ] ^ ' 

(AA* - 3l ^ ^ ^Ar* - J* 5 (cA A i) = J (j*) 3 iA - T 

:j1 ^ 


i^jUS-1 ojU' Oi *i- A j U~p- 


\+j 


* = 0* $ (° 


■v^V 


1 


V r A 




.iwolp 4~ jj \>- ill 


4^**»Ui3l AS ^ jc« <wJda!j 4^**^*)1 ololtij 1 *lX$p C 

a^-LsJI oSUlScJl jjp 3 4-oo -ii U3\^^ojjila*Jl oSUlS^M jl *^U Jlj-Ol 

jUjjjtJlj j-a\5cJl l^-a j-a\5oU I^^p-I (3A lA - 0-*i3aXj j-a| jJSj 

.43IUI JUsU: Jlp iSUipI J-USCJI j 

jaiiyij j^uiji - a^-Ji oL^uji v Lss 



\ - l J-tSXl QJa 



Differentials 

(j-<) a = CU *>- 1 JjUli&U 4Juls £5b a OilT lal^ 


(0 ")^ “ (lT A + O ") 5 




-ltA 


-ltA 


= (j-)'S 


0*4 
O* 4 




• < A Uxp /. 

O' *■» 

• # a - A £ •- j- AL.XP (^)/a ~ 

o" a 

(o-A X L r J A( L> -) / a ~ J^A .'. 


cr" (j - A 4 j-*’ l 5»P" <Jl2xJ*>U ibis 5Jla a 

L r , ^( L r , ) / - 5 = ^ ^ ' 

cr'A = ) L r’ L ^^ 


:jli cLUS^ 


iT 1 i | < | 0 “ | ls® ^' 3 J*J u - 4 (lT'K 3 = 


E3 V = u^^l 

&1UI J^Liu ^ 

:J>\j J5^ X>jl (T) 


^^4)la vi~= 

' _ ('-^) + '= T^+' = 


J-t=u* * 

JaJN 


= 0 *‘ O' 4 'o* = 0*4 ' 


0*4, 


-- o*4 . 



r ('-j-) 

\? 4't = L4 • 
O" i ( J * £) = o* 4 
o*4(^ J +<]•£_) = 
o-i J+u-J <J*^« 


<w 


Uyjllll iJliJI - i_JLkll 



JaJ JjLa. Q 

■J* J 5 " O 

r - ir v v i (o+ ( _ r -T) = L ^ | 

J? J'J 3 J ‘ -y- = Cf ^ 

J £ J- a 3 ^Jo jO C, :J^j\ \o = \ i a + \yj jl$" la' IjjiLi ji^nV 

(2Lu«LuiJl) 2 Lu*UV! G^UISSN 

j^X>Cj 3^ t JljX)l 0 Xa> O IflX.La l (3 JjloJ 4jl)tX>vaJl JljX3l J-alSCj <La\p AjL ^£> Aj>- jj 

JljjJl OlaXXuJ iJJu* J I Jjfcj 3 aJIjJI \ 4jlaXJLa j jSsJ 43b jP- OitJl ^ 3 53b ,^1 

:^b3l JjAjsJI ^x3lj AgX*«lj3 JjjLJl A^Lu^I 


> jislloJI 4 _lujL> 1JI O^taliLUl j 3 iujLujV) J| ^jJI .-.I5"i,r./i Jjj^. 


{N} - 2, ^ 0 

2^o '‘ J o- j=( J o-) — 

l r-> 

^> + O - = lT* i (J - 

o-^r = (o-^) — ^ 7 - 
lT -s 

O + lx>- -= b-\ 

j- w- - = (u - ^*) - 41| 

l r-> 

~j°3 0<-H — ‘ ^ + = lT* i lT* 

T j- i 

O + ^ _a = ^ i ^ _a\ 

= (^_») — 
o“i 

\#U<! d^JL.^a 

U 

n^H< i t ^ ^t=(^t)H— 

“* 0“i 

‘A/* ^ + 1(^1^ = ^ 

O* 

•<* — -<“jl>b® 

0“ 0“^ 




Integration by Substitntion 

JjxJb CJ j+a J^lSCj 3boV J-alSsXjl (3 ^J5>' (jj® 

U - i (o - ) ^ (((J-') </") ^ ^ 

i3Uii3iO aLIS 53b (j-) ^ = ^oilS" bU 
; jjSCj o* S(o m ) / <s' = £_-$ ol® 

i (£_) ^=i/^ (lT , ) / </'' ((o-) ✓*) ^ 1 

! JuULoJl JaJa.^Jl ^aj jjcJL aJ^P O 


J^lisJlj JiiUaJI - ii^JI cUiLjjJI 






(j-ajjjuJL JaLSUI ^ 

J^jl © 

^ vX-f ^ ^ ^i-(v-‘^.r)Vl i 

•'• v -V r = ^£^ I 

^ L 
(c/iV) B (V-V)l{= 


^i(i + ^)r = ^i(A +Lr r) = ^i.-. 

r (j-A + T Lr -) 


pi-U-^Vu- 

^ r (, t-"A + \ h) ^ 


L-w=L* L 


r ( ( _ r <A+ r j-)i 


■ 


u= 


o* = '(_£fy. 

. t + ^ 1 
(o“ A + O') 


Jaj o! JjLa. Q 


:^J'© 

(*•- O") 

jAi^jiilLi JxL£UI ^ 

^j'© 


(J-i 

' - 0“ V (° + r (j-)? 5 

Lr'^ v ( t + (j-)(j-? ' 

cMO 






,j- i V (i + j-) ,j- 1 

(J-ltf) 

^ + ©y-'L© 


0*-i) 

o + (^-^r) = 


(t^ ») 

(\-^r) A (i + ^)^= 




^lill eJliJI e^JI - ,_JU=JI 




' <jl| 


AjULulaJj J 


= O* J ‘ ' +V t, = ■'■ J^LScJl flj^yg )a~ — ^ \- ( j- = V ^^5jj V* 

(») ^i^x^x[o+ r (\+ r ^)]\= '- J- V(o+VA 

^i^rx[v^r + £ ^]\= 

(V*) £ i ( r ^ + £ ^v + n ^)\r = 

^ + rt r+0 LT +v tv] r = 

(ii^J^lp) o+[v- + r ^\i + 1 ^o] r ^ = 

O+[V.+(\- Lr )M + r (\-^)0] ^(\-^)^ = 

o + (l\+ tr i + V°) r ('-o“) V^ = 

o* Q 

:4»J*^I O^lSsjJl ! T 

o* S s + Lr r V r j* "V jl* (j - i 1 (' ! “- (j - '") y ^ 


(^^dL) 

(J*uay 

(£\>* 


(£\>* 


0*4 


jAj^juJL Jxl^jJI '"LL_ 

:^J'© 

1 5 ^ + ' \l I 

(T V 

r (\ - ^) = ^ c N - ^= a" V •'• o" V + N = ^ 

^ ^ \\-Z) v ^ v 

o + f t fxr = t i^r\ = 

o + r (Ir\ + ')\) y = 

u*Ju*y = gj •'• r y=^^fy v 
(a- -* ^ r ) V = (Ti ^ \ 

£j + ts>? = £jt-& \r = 





J^liiJIj J^liUI - oL^UJI 


\ - l &jla 


O'* ' 








-\ V 


J^oU^Q 

O^ — 1 

V 1 ”-' v 

^j' ® 


^ - 


-\i* 


-\ 




^ t '-V 1 


' - u* r = ^£fy. 

A 


j^ji« 

i 


(j^b CM&M) 

o + h-Vl^T =^ + l^l j> t = 


o-i — = ^i ■■■ ^^ = LCf y - — 

(.^dli) 

PiM- = (^i— ) LT -J 5 U= ^ i ^ v \ 

lT -» lT 


o + ^f = 

(^^dljJolScJL) 

i+ f [W J>]7- 

j^ou^a 

: J^-jl ® 


:aJWI apI js c~5l ji) jjcJIj JaIScJI :aalj iiSctj 

i+ "“J^ 1 - o-iW-i i [W»A-' 

' + J 


i*IW>l j>-(a-)i ^ l-'f 

P -* 

lT i 

Integration by Parts J^lS^Ul 

: jb c(3lHui!i\3 JjxxLISj ^ ^Jcujl j^db cJlS" 1 

77l*^ s M77 

^ 

(J - -* ^—7 + o“ * -^y (J^ ^ = lT* i (^<J^) ’\- 

0*1 ^ lT-S ^ a“-* 


>♦> 


^BJI iJlSJI e^JI - i_JLkll 




AjULulaJj J J*IS2II 


il c ,J*a\5o]l #A£-\jjj UfljUJl aUUoJI (_y*— *j" 

^jUi>-\j uA)S C 4j l^JLa UaJ*>“l 

J^S^\ l_j^Ia3lj (JjalSs^l cjL^>- jjSCaJ 0^>0 ^ t j<2 jjjS JSO 1 ^/La 

JjliUJ' J^alScJ' 4jl) ^ifij 

:aLJUl 4Aia*Sl ■^yi'l)' US' 

[Sj^llL JxlSHI ^ 

(j-* i ^ -® V (j - ^- y ij - i ir - fl> (j - "^- i 

cM<# 
liUo'S I 

Lr '_a = ( _ r <i tr, _a\=^ ' 4 ^— ► = .’. 

0 + (N-^)^_a = o + ^_a-^_a^ = ^J^_a 1-^^ = ^ J^-a^l .\ 



(dJJi C-Jl) 5s^wJl j^a ^ ^5 J!jJ! ^j| c-jll 5aU^t :U>la 5Ja^-^U 
: (j^ -5 °“ -® '"(j - "V iUoV V 


= t i ‘V = U^ 


i«=^ » 0^^(J-' r = LT !5 ^ 


<j* 5°“ -& t/'VX- ‘-'"-a v ( _^ = 

i/i^-a V (j-"l 

\v - ^ _a © = 



to* O + 0-^K_a= \ 


^ + [(W^ 


o+[r+^r- ©K_a = 


ij - i ^ -® (j - V- 


: © 
O - i a * ,r " -® ^ 



J-liillj JiiUaJI - iUJI cUiLjjJI 


\ - l &jla 


>15^1 


.1 v 


0^1 = ^ J 


: j 1 ^ 

\ ^-£ft £i ‘ o* 
o* Cy* o* 1 ' ^ 

e^jaSlL J * l£i 

^• j '® 

0*4 0 " J ^ ' 

J ^ Ji ^ 
: 0^ ' 


/ a* = o° 

j * = j * s \=? +> o*J — = j*J 

\ ^ 

o^J — x ,_y - (j- J 5 a" = L r'i L r'J 5 ^- 

tT _» - j » 

O + CN-^j! ) ( j- = 0 + ( j-- ( j-j3 ,j- = 

= ^/ 0 *^= 0 * ■$ 
r o *\ = o*l lA = P a " i — = 

ij - i x V ( j*' y \ - (j* ^ y = ij» S j* J j* \ 

iT T _» T _* 

f (3- L r'-? 5 ) r (^'Y = ^ :j + r (^'7-Lr'-J )r (^'Y = 


( j - i(Tr \ - j - j 3) 


J ^ a * Js^Q 

:^ jl ® 

o - iO+^l I 

KfcML.Hfl J ^°# 

: J^ji ® 


O '* ■ 


-1 V 




r 0+ a “) 


- \ I 

cM « 



0*1 0 +< j -) 


>15^1 J^J r -( S + j *) j \^ 
o* = o° £fy. 
= 0*1 
_\ 


r 0+ cr ) 


\ 

>*r 


Uyjllll iJISJI ^LuaJI - ^JUaJI 



*0 + ^) 


= CfJ. 

^iix f (\ + ^r)fl- f (\+^r)^r= ^ j \ 

' + o" r V 

o + f (\ + ^r)^l- f O+^r)^r = 


f[(\ +Lr r) r-^\.] Y (\+^r)- = 

o + (v-^i) f (\+^r)Y: = 




<ji j 5 u Q 

: Jo-jl ® 

^L\ I 


_ 

- I iUo^ diaSC&j Jja :pii,U jiSti.'i 


aM jJl ^jlp a! gfl) 1^1 JJLP (aJIj Jjjta jl jJl ( j^oLa dJlj jl) (JaLwiJI *"> y a)I jJl jl 151^ 

| _$ ((J^) ^ ~V = ((j^)3 (/” aMjJJ iJovsJl ^»£- aJl&P Jj-a O aJIaM i_9^j«j J)l AjIs 3 

.sUaatJl CjULJI eJjJ^so J^-sj i^jLas-I OjIj iJj^j i>\ e-Lp-j 4 M 3 ( ^iuu ^ J-alS3l I jja jl Jis-^Aj 

Jtiuo 

AJIj j^jAi-Lo eUjLxa 

_ = (jj) y AS^IjJU ^Ja*l AJkP AjiSlj (j& c ,_^) Ala-'a.) XS- 3 a)I jJI ^UwJt J~a j\5^ \S^ ^ 

. (_fl> Y c \) AlaiJ\j j\5" IS^ A^Uca Jas-jIs 

J 3 JIO 

* i ((J") </" "V = (j-) i .'. (lT') 3 =0^1^ j' (J^J-ttJ 

“* - = -s>r .-. 


'’ 0 +lt) 


r 0 +') 


r 0 + Lr) 

Ataljca (_J ^5 (-£ V 1 \) aLS;Uj jAJ 3 ^ 


AjlijJajj J Jl>A( J^ISUI 


\*t 


J^liUI - il^JI oL^UJI 


\ - l 


4 J lp iuslj (j^ c ,j-<) Aka.) JUP aJ (J-UwJI (\ c •) AiajjJl) jUl 1 Alilva Jo-jl ^ 


®L 


I - £ u_Jjl — oJ “ 


& 


p+'C+V)* * 

IT JOf + ir)^ * 


SlKxoJI .-•■! .I^yi j>» j/1 3^ '^.^,11 4_>L^yi jiil 

a" 1 °( r + A) lA © 

o + £ (r + V)| e o + \r + V)w * ^ + \^ + r j-)T 1 

60^i oi® Cf° 1 ^}-~ ^O^ = O* 1 O* J(V + (J-V)\ j\5" lil y 

^ J(r+sX)±- ? ^J>(r + ^r)v i 

o^i ^\-o^o a i ^-^o a = o* i r+ ^ r -a(i-^ r Ao^ 'H© 

0 + r + trr _a- ^ 0+ r + ‘- r ' r _a— V o + r + Lr,r _as 1 


ij-i °(N - V (j-) r ij-"l © L 

ij- i i ( r + A) °<jA © (j- i 


:<LuVI Ci*iLabj-ll J-^l i_u*jllaJI j^su^juJI *>l 'V\, ,,l < 
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Olil^aJl j^s^a J ^>- :LJIj Olu.Jl J ^>- 

ejji 0 = j<9 + = ija ^swjl; 3iJj>uJI 4alaJL*3l jljj3 ja ‘yaUl ^^>Jl ^a>t>- ■'aa-j' 

.oL**Jl J j>- 4lalS"” 


^>t>- J^jls -»- *—> I cjdjl (jaj jj ( * c i) a>- c(0cN)i_sc(* cT-)I JaiJl CalT \i\ iyxclo xlj^ n i 

. Ca I y^^sa 4.1a IS"" — >- ca f ^^*"1*^1 



iJlill e^aJI - ,_JU=JI 


^ <m<*JI lAiLo 


(jjrf ) 3 = c ^ 4>-^xi« 5^3 ^Lp Abb 531 3 3 Ulbl5"" bl^ :5J!jJ! ^ I . Js I a* 

•a- (j- i ‘ jo i cu*=~ j- i Cj-) S = i 

(j-US JjsISCj ^1 4jj <->j*o J-^b- J-obj ibo^ (3 j& :<jiu^JuJL JoliiJI 

: jb (jliilU.^ 4 J 0 IS 43b ( ( _/<) </~ = ^CJlT bb ccbjjjco 

(^) i ^-=er'^(a")o^((Lr')^) i ^- 


OjlT bb C^^>-3A3 4j&JLa bjfc-U>-l UU---J JjU3b cJj-^3 (J-^b- J^lSsJ 3bo^ (Jjis :[£j^jJL J-°bjJI 



,>IS31^Jp ^Jcu3ljl( v ) coiaiiiU^ 

.J^bdl I jjS ^Js- ■> 4jl V3 4jbbJl 4» «»y?> J-a\$o3l Jaiiso ( I ) J^b&Jb ^ __ >> ^jCU3l -UP ^ 

:jo^<JI J.KjJI 

-folki— 

^-wju ^3 p 3 43IjA3 4 jiuiw0 uj c - > IS^ [^-4 ^ t] o^-a3l ^jip 4i y3 *^ 3 43\jJI - 1 * - >IS^ b^ 

?. \. s\W (J.ol^JLaJI ^_y2>\ j } -*■ 

• =Lr'i(o-) 3 ^-t ® ir'-^W 5 ’ ^ I - = o- -* (l/-) 3 ^ v O 



J*!^ JiiUaJI - Sl^JI oL^UJI 







|\_j c I] ^ ^ j£j o-'iCj-') 3 ^ + o* * (a *) 3 ^lt'-SCj -') 3 ^| © 

(h 3 J M 3 3 ) ' = o* i W 3 \ © 

(^Tjj^' 33 ) o*-$(o *) 3 V r = j*s(j *) 3 V® 

l j [^j c f ] ^ a! yo'i ^ ' aJ \ ^ x3 \ Aq\s\a i>-L^o C 

lT -* (i_r ) 3 H,= ^:^ • <( ( ^) 3 d*^^= L) - t t = a - 

l > 4 I] ijlcb\ ^Ip- (Z' 43 B^bX>wO Aq\q\a 4->-Lu^a C 

(J- i [(</-):> - (ij-)i] \ f : <y> • < (o*) ^ ^ (a-)^ ^r>- v = U - ‘ t = O* 

•OL)J^ -b>- J aLoVS^ Bjj3 Aj^L^jO a!q\s.\.a jlj3 ( j-a \JLb 


1 L5^ 3 a) 1*01 o^teX^5^3l 4jilaJL^3l (jl^^3 (3 -0 O 

^ C*.*.> C2jIa**J\ aL^IS^ 0j^3 = ^j*> 4 I = \^ 

<J-i r [(<J-) 3 ] ^\ n = z_ 

cf] 3^^ L5^ 1 (/■* 4 <5 J^Jl)lhX)l 33bX^^Ji 4jilaJL^3l O 

: • <C ((j^) t/' ^ oU^Jl jy>o* J^>- iLalS^ Bj^3 4_j = 4 I = ^ 

^i[ r (W<^)- r ((^) 3 )]^! ^ = c 


— 

>YY 


45^1111 dJUJI ejL^I - .JLkJI 


& (LdLc U-JjL-OJ 


leUaA^JI obU-^fl ^ £y» ^x^x^aM 4jU-^! 

(r-)i jU « r = (v) 5 jlTj ^ j (o - VO \ = (^)a jlT lit © 
v T r-(y i - j 


jU^ = (J -Uj^PcN =0 -^p y = +(j- = ^^- 'H $ 

' O* Lr-> 


r lk- 


<iJ V (J- i (J- r ^> © 

O + Vli^ 0 + ( j- + Lr 'Ui>^ J O + ^-^UsI 
iSj^i (J - -£ Jt^ " ((J - ) 5 ^] y 0^® ti = ^ J ((_/*) ^ "V ^ ijlS"” ^0 ^ 

a- * \r V n\(v ^1 

( j*»-JLo.aMj oil— Jl j^>vaj '"(j - = ((j - )® (^ylsojl) 4iilal*Jl jljji Ul gJ' ^j>ig- ® 


j olo— M J ®JJ 3 ^ = (j - ‘V- = j-* 


r ( + 0") = ^ A 

lT 

0-^)1^=^© 


■'VV'\ v j ■' + 0- v'l t _® 
l/i V VlT'^i/'’ V *© 


°Or+a“OV = ^® '-V r = o^© 
^ r+r ^ = ^© = ^ ® 
r( ^7^ ) = t ® 0 + V) ^=t ® 

J&-\j J^>1& ^!-b»tOilj U^i J^ - 

i/i V "V r _ + o" i v \® 


&S* \ + \® 


r- = J- J W ^-r ‘° = U - i ((J - ) 3 

^i(v\ I 

^i[^ + W/] \ " L^i[W r - W] \ e 

V) 3 i- = ( • )a £ v = (\) S < £ - <j-l = (j-)S jlf lil © 


:5JLJI Saj*,JI o^l£dl ag- j] 

^jJ^-%® 




J^liiJIj JOliUI - £oJ1 oLoUJI V LS 





O'* ' 

W V \ © 


“ + a" V 



:SjSi «s5Uii)l j»-j1 - 

_w<LJI jy3jjjc}\ ^Iwlssi-uU 

'i(v + 

V) 

^ l® ’ 

r (^\ + N)^\ ^ 


O** 

f + ^ \® 

i_r' + ir -® 

j-i r + T ^^^© 





_w<LJl t-fjjfixsi I ^IAsC—L 


O - i a “ r -» 


r + ^r V^r\ © 


^ - (j^) = c ^ ' q* - + V = \j 63As^aM Afllfl«»U 4s-t»*-a Jj>-_jI T*l 

V = jjrf c * = jjrf ^uk*iLi*uJlj \ + '* ( _^< = jj*2 ^ i^y 1 ~ ^ = (J* 5 SiJovaJl 4aIg»«J' 4s-\^-« As-jl TV 

^yJbjjZLvud 1 J C-J I \ + ^yJ = t - ^ = J^-*JL>sJw3 \j 0 3 Ast*) 1 A ojg . *J 1 As- L— a As-^ I 

r = ^c=^ 

c V = — = ,j*a SiAs-uJI AaIsJuJI jljji Jj-® ^~>sJl ^a>t>- ^ 

.J j>- AlalS"” ejji CjL**J 1 i = ij* 

olilyfljl J^>v« V olu.J' J^>va I 


l^^V — o^Ast*]! A a lo * — J 1 ^y& «\jJl ^ . *• ’> ^3 1 ^j>o- As-^1 i* 

.01A-J1 jjst* J AlalT Sjji AajauU ®jj 5s jjAj l*AAP aAp AjiSl j3l (V cV) AlaiJl -Uf- ^>A*JJ 


www.sec3mathematics.com.eg ^ g jJi s>j AksjSn ^ ju>j 



<£>>1111 iJISJI cJl^JI - ^_JU=JI 




^jU0lj3jLl3l 


iUj.)!! j±\ 

■6J^i <y £ (o* ^ o“ ^ - ox© 


+ ^13 + ^1 ' 

- , y> \&> + . y>l 


I 

+ ( _ r -ld?- Lr -i 


J**> 


m Uls - ^ 

: lijW O* 4 x_er_z ^ ® 

+ |r-^|jJ-(M o + (r-^^)|- ? 

jJ | a o+|r-^_a| jJ 5 

a" i(I^M) \ © 

r v £ I 


4jOja 3I OlJj>-j3\j SjJJLa oU-k*J! *0* - £ V = J*2 4flja»»11 4 js-L~« i 

: <ijW 

m \ /rr * £ v r Q 


:^jL^j ^ i (V + £) \ ^ (jls cV = ”V r ‘ 0 = <j* i \ N jlTlS[(0 


4»*^a3I o1^j>-^3\j IjJJLa oll***Jl jy>^ J y>- aLs 15^ Sjja * = ^ 


r vv^- v j-i ^ + V V 

(rhJerjii \ = (Y>^j(\-^£ + Vr)0+^)l=(^^T 'H® 

:iJ^\C&USoi\ J^-jl® 
^ i ^ r ls Us \ ! 


U <y» 

:4»J'^1 CitalSCil (v 

-\ I 


,J- i ^ bs- a" 


l^>- j- Vs- + ' V \ ^ 




^lill ^liJI eJLu^JI - ^1 ^1 - ioUJI oLH>UJI V L£ 


O* i ' " 1 ^ 




ij - i T (j" ' 

: J^i ^ j - 4 ^j' (' ' 

o-ido-l i-v) V \(* V)\ 1 

o* s (° - ( 0 *)^ + ( a") 5 ) ^ = or* i (a - )^ ^-o ‘ ^ = (j - -£ (ij - ) 5 

[i c V] S^iM '"(V - (j^) = ((j^)i SiJowJl 4alg»oJ' 4>-L *^a 4 ju j^JI Ol*ij>-jJ\j ',\Y 

< V - 4ala»aM jJjUL&M j \t 

: -^j' T j -7 = r j tf 

L SiJovsJl Acla^'l 4>-L»^a I 
\j ei 1 4 olg * *J 1 <j \^)^3 ^ is* ^ ^ ^ ■ -• ’> ^ I ^j>^- ^ 

.olu.jl J^>va J 4jia\5"" #JJ3 (J^ C(J^5 


:^l JjJoJl Jl 4)Ul^1 dhSCu 4iL-Vl ojjb ApJ Js. 4jU)M ^kLJ ^3 lil 




\ 

>YV 


<£>>1111 &J15JI eJL^I - ^_JU=JI 



o/, 


(LoLc cjfjljjjf 



j/Vl 


!t PVt JIJxJl <>C LJL>.\ > Vjt 

«iUJi oLU-)ii j-j ^ ^>11 © 

O* 5 


-^ = y 




JjjtaJ alajj syljJl 1 a.>va jU cO/^%— u — Spla ^iaS *._ flyO) J ^jia alj la^ "T 


9 laJAP ^Lp'if t_)Aa^a V+ - * y = ((_^) a O^a- i aIIaII y>^° 

]“•'[“ ]r<u(? ]'•“-[ V ]••“-[ E 

lT* -* ‘ (j - ^ + y ^~) ^ * 

n \ y+a ? r v i ) 

yliy )* 0 ^ i o)?‘\ = y s(y) \‘A = tr^(ir) ar V ‘£. ^ aI*^ Alla i oils' 151 -o 

^jLuj 

o * r ^ \ v ! 

JjLj Aju jJI OlAa-jlb SjAJia olu.Jl r y -mV = y (^ylawjl SaAauJl Aflla»ol' Aa-L«^a 

ni 4 f TTW v /£ M I 

t ^bUa laia <LLluiI Ail Mi) y. I_c>>i t Loli) 

y $y y U- \ :As~jt 1 Y 

*=yXs- ^—X>-j\<.'= x y> + ' ! y-^^-&j\£\z\ V 
y S 

(i c\-) Ala a»U AlP * = V + Y y? - (jas Y- * y Alalxa Aa-jl I T 

Jj'ill ^A^all J jia jlT bis Y * 1 A*jlall ^yil^a *^jia j\ 5 "" la AiaaJ ^ <Aj jljll aj \3 oJda V 

:Aa-jl a/ \ J-bcaJ ys 3 \^J Jjiaj ‘ V *-■■“ y J-Ejl*j Ajijij 

oJcuJl Aa-L^a iwis^X) «Aj«J ^jjl - V Jjjlia E AaJ oJdall Aa-L~a ^3 Jjjca - \ 

71 Y > y 1> * l>- V + jjrf = ((_/*) a C-^»a- a aMjJJ j^asUllI £j\jZ2j Aal^ll Ol_^3 aA^- I 4 

j^jlp jl^a«-*^l jLuljJljW - y = y> Ala jl jjl>tla jLul Ij ^jjj <ty>o J» la » , <.a V 

.^» la”< **a l l lA^l A^-U*^a j*S' 1 ^wm> ^ - \ V = ^Aa^all 


>TA 


JaKUIj J^lilJI - Ha^JI oLabUJI 


aLA 5^ Sjj3 r (r - c — = !ja 63 AjjlaJuJI jljji ^JiUl ^>t>- ^ 0 

Jj>- 

:<LjV1 J2^ ^3J1 aJIjJI ^l>vu3 ^UM jl 

r#^js3.>(^); r-=(r) a <. .(.)*.(')> 

r<^jsO ■<«; .r>^jsO .>Wi 


^itfJI jLdiVI 


i„3Vi jii-ii ^ w i .Vji 
ellajujl CjLU-^I AAtj?t*aJ! AjU-^fl ! > 

(\ ( — — ) aIc 3 ll \ -Up ' _& = ((j* 1 ) 3 3 aM jjl (j^UuJl a]3\jla " ^ 

'+^ r =j^ r * v'- a -v = L ^ * r + ^r = ^ V \ +Lr = ^r ? 

jAJ ^1 A^jJ\j ^ Jjj o J Jjta jls V- r jV' = ^‘ i + r jl = jAJ jlT " Y 

i 4 r v jr Q 

j? 

2, 3 *J 3w >s- A _jl JjLsJJ Aa* 3 ^*5" i "Y* 

•u C* rr * m (v a Q 

( * cV") AiaiJU ^j3SwJl (j\5j “y aJp aIsju (^1 J3P 3 aJI jJl (jlS"" ^3^ "i 

^jLJ (V+ v _a) 3 jU 

r j) J r v r Q 

:^jLJ ,j3 i ( l /<)3 jl9 V- = q» <, ((j-<)3 \ ^ = io") 3 \ ‘ 2 . ‘^aiA ^5 '3 3 Oj\5^ \b\ "® 

ir- a n * a v r Q 

X = c X- = jj-j c • = jj*? a ^x>iX*3U o6A>s^3l a B I j^M 0 -0 i 

nr f v ^ I 


71 ° 


t ^j’bU-4 t-trtA 2UlJ 2X3^43 t Lol3 

■^j' ® 

V- = (J3 -UP yr^“ — (_j3^ A*~jJ\j T Lr , + M V ^i*’’ J V 




^llll dJiiJi cJl^I - .JIUI 


Jo-jls \ = bo- jt>+ ja\z>- jlS" 151, Q V 

lT-> 

0 + 1 V = ((J - *) 3 d**»- [\ t \ “j 3 ijluO 4 allgpjl ^py3 a" ^fijl Ja>-jl 


*>^ 

laJ4P 

V + ^n=(o-)^^'HQ © 

:Jo-jl • < j- 

laJ4P 

V ^ J 



^ a 31 jA 3 * yq\ \^ \ — \ 

l^jS SalljJl Jjji4 -Ua-jl ‘i/' 

^ i VV J-buiJ 4iSCi4 I3ga»>^ Jlaj ^UaXllj i^A^la ^ 


r 43 ^>- J jia 1^*3 jj£o ^3l43i>JJl -Up 4£s-jl 4a>-L^a 
4 jo Uj1-U>-jJ\j c * y = (j4J 5iJa>t*Jl 4alg»<iJl 4^-U»^ -U>-jl I 0 

iwJ c f ^u>^3 -U>-j\3 (X c V) -UP 4 La a ) + '"jj-i ( + * y = )i U. —^ - 3 431 jA3 (jlS"" 151 *?* 


.431 jJ\ ^o^*3 ^U3l 1 ^ujj^ 


£JQJl jLO^Vl 


. Jjfit\ Jt jxuN <> i_U>-i . V jt 
allajuJ! oLU-^l ^ j-« 4a» S; ^fcvaJ! 4jb>-^n j£>-I (> 


r = -up x o = y> + Sjji j 3 i j^IaaJi ** \ 

r \x i r 

^jLu(r)^ jUc-^ = (^)3 jir 151 -Y 

“- tr 

i 3 i e u . : v n - Q 

(^jLj j< 2 jls t Q— = ^ -UP V = J^a c y r l43 = — - — C*i 15"" 151 "V 

1 lT -* 

* (j-ldi-r ‘f (j-ldi + r)- v (^1^5 + v)- 1 

: ^jLu ^ i [o - (^) ^r-(^) 5 r] \ jls c r i (^) ^ \<v = L> -i( u -)3 \ jlS' 151 -t 
li J \- ? A- V \A- Q 


V = c \ + = { j^ iX - = { j^ o l> 3^bX>v^51 ^ 

i 3 J- ? r ^ r Q 

— — — y c -^— = y ^-a--£-*^&3 Ij 0 IS = jj*a j ( 0 lla — ^-Ja^-all* 0345^31 4 jj3s4L*31 J)1j^ 3 ^Uli31 ^***>31 ^T^ > ~ " 

: JjLo 4^s»5CaJl Uj1Jj>-j3\j ljUia Cj lu—3 1 j ^>va J ^p>- 4lal5^ Spj3 
^ ^ ^ t 



J^lSUJIj JiiUaJI - oL^UJI 


t ^jLjL*4 .IVrt4 iULuul ^£. t Lul3 

:0^ ^ Jl>j1 I T 

(OO-J jl) ytiLaj^ll Jaiiij JjLal Jlj ^LpI (Jl yjOoJl Ot^3 0>-j\i T ( £- = (ja) i Oils' lil^ V 

-^ji© 

^r 1 i -t i^“ S T (° - ij“) ij“ - ' I 

[l i •] s^jjJI ^Lp (j - £ - = (i^) ^ 0> i aJIjAJ 4jilla<Jl ^ j) y? a" ^.«.a. U 0>-jl ^ 

j ^ -a a -A O **. ^ ^a = j^p ^y"Li3\ <a> J I (jlS^ ^ 

Lai eJoj £Y aJjIs j5Ci3l ^jl jla*ul dlLa J^W ^lo*^ JJ =>ui J ‘LLalS' sjj^ 3 = (j^ ‘ * = (j - 

. dlLJl ^laS i_a^gj J ^ls 

L« ca/^a v Jjljl*j ^*-a J LgJ^L? olj So-lii ji ^jLo <olia jL jLoJl jLxL^iM j^aslo V 

i^gjLo lilla Olljl laOp 4 js-L*uJI j<fi3Uj Jjjca jjt> 


- ^ja £ = jja? t • = JjaaOxaaJlj SibX^taJl 4fl3g»a3l 4>-Lu^a 0>-jl I 0 

:4JUI jtf\ jiJl 43 ,jjkJl i 4J4403I 4)ljJl ^^^03 ^U31 jSCjJl ~*j\ V 

« = (r-)6 = (r)6 -r M*)> -> 

r>^->r-LaJo • <1(^)6 -r 

.- > ^ LaOP * < (o-)^ * • < j- laOP . > (^)/6 -i 


£_>l jil jLtlPVl 

. <^Vl J) jxuN i_0»i : Vji 

ellajiaJl obU-^fl ^ j-° AaL>-V i j£-\ > 

:i_£jL*j c \ = j- Op jU — — = ja? jlT IS1 " \ 

j-i * r ' lT 1 

\r C* i * v y w- 1 

(J - i (J - l^ (ja r lS \ "Y 

^+^ r isf y o+^ £ is} T 

O + ^-^y- * O + ^Usy ^ 

g^U I^Ap 4 ,\a q> JJ-P \ V = ^ o^51b\A) 

(r-cr-) a (*«•) 0 «n)( 5 (r « r) Q 

^ini omi o^ji - oikJi 


\ 

\t\ 


:ij^\ Jji— j jSsj 

]°°‘-[ * ]r«-[ y 


(f - o") = (a - ) i " * 

]r,\-[ v ]° 0 ‘ °°-[ 1 

i 1 1 - ,j-| \ N -® 

v-(5 rv- 1 


- 41*15^ Sjji cOlilyaJl a j £ ^ (j* 5 ^ \ i =— = ^X>Ua3\j eiJovftJl 4~ala»< > 3' jljji -Up 
lt’V 

JiU3l 0^® Oli\-t<a3l j^>v« 


r J^Y 


j 4^*5C&3l U£>1 -U>-j3\j Ij-ULa ^/u: 
\j7ir * n T\r 




: c7 jUU^ ,t-»rt4 41Uui! 2X3^13 l_^i t LjjlUl 

^ i W-* K-® * - V r ) ^ ^ 1 Y 

r+^ v 

15 jj«V \s»- £ = ^ Us '*( — ^ ^ : j! oJli * = jj^V l^>- + |j4J L>- j\5^ li\ *?* 

j-i V-S 

4a ^'t^ s “1 ^ = (j - i (ij - )*/' \ = (j - i (o*) 5 \ 'i' ^ ^ 

a" -* [ *•■ (a - )^ r + (a") 3 1 \ 

a3j (£ cV) -UP 4-U^ ^^daP 4*J 43^ + ^^- + r ( j rf cj + r ( jj f = ( ( _ r ,) i CUp- i 4}|jJ! ^ U>vP j\T 1 SI V 

j^Pudl 43iUta -U>-jl (V c \) -Up 4liaj 

• = c • = 1 j \ = V + ^PUdlj 63 -U>vo 3I 4jalsJuJl 4^-l—^a -U>-_jl I £ 

4-Jb-3l ^j^l^i-JI ^4>o {^-X3I 3 4l y2 « d I 43ljJl ^->U-a -jl ^ 

• = (r) 5 t i = (r) 5 v = (£) 5 

cr > ^ j\ i < ^ U-4P * > (^) /> 
r > ^ la -UP •< (j»)*3 4 V * > (er) "* 

ejji j-* - 0 = jaa c = j*a Jj^UsUUaJl ei-Ustdl 4jilaJu3l jljj3 £yil3l ^.—sJl jl UUJl 1 0 

4^*$s_ft3l Ol-U>-^3l Jj-0 oil— 31 J^>V« 5 -U>-Ij 

^,Jji ^laS layj) *^jla ^5^o3l ^-UsUU 4a>-L— a ^ U-Jl5^ lil V 

c N • = ^Jji 1^*3 j j^L) j0>\ 4ii>Ji3l ^j3 (j^3^ 4-,- j3l) ^ ^*a J-Uxa Uj>-j 1 c <C C-^>- 
.d>/ • 7 V (J -UcaJ ^ *"-a/ * 5 ^ l) -^acaJ ^ 43s2^33 1 o-XA JUP ^jl ^1 ^ = ^ ^3^ 



JiiUaJI - Sl^JI oL^UJI 


jLd^Vl 


:^Vt JtjauN i_^i >Vji 

jlljlj u t I 4 r <-J + X \j* t = ( L y > ) 5 0*»- ^ aJI-OJ (,ja) 6 JjlitiJl jSs-iJl ' 


:J*Sl 

3 qm jSO <w23Ui« a aMjJ\ I 

3 ,j-u -Up As- ^s- lag) a ^isUuJ V 

S/iM ^LP ^LpV k_J.U>va a ? 

= J- JUP a a)1 jJJ aJs-vo j jk«a A~J As- _4J * 

-0)> 

j.-a.Jiln-a] ^ c3 aMaM ^yisUaJ iaAsvaJl AjilaJuJl As-l_— a -9 
:^jL_j Ajoj^Jl O'As- jJL • = j^st V = jjrf 


^ i — ^ — \ - Y 

ir r 


: ^jIjU-4 AAjLo/ 1 A3 ^3 L-U>»i :L3L3 

i Y 

,r 


^ ^ = (^)i o-s- i aJIjJJ y 

[V c •] 3 _^i]l ^jS a aMaU AaUsaJI (J ^Jj)l As-jl — Y a aMaJJ j^aiUJlj Jo\_yx3\ ol jIS ,j^P — ^ 

^yiswjl ^jlp A^-' a1sj!j -UP a aMaJI ^iswj AJaUia As-jl (j-" '"LS - q * Llls + £ = (jj-<) i (jl5"” W I 

“Y~ j 

j (A--kS- AjLii / k_-j»SCa ^a(r + j V) J AasJ Lso jAj aLJI A^3 > ,-^yJ) A*j»SCa jLlal \ • AXa— ^jLi j'>- V 
jljsJl As-jl c,jjISjJ\j jsjJl 

^ D © 

ijs JS' (jijP j^SC O-so APj^ltaJl eaLJl T*-a A* • iJjjo Jj^ala ^a-*aj >bd V 

j^A*so jl jJJl Jj^ailaJl l-bu La 0 JlsJl Jj-JLaLgM Jj-a J5j c ^*“ ^ * ( ^Li-J Ij ^ ^LJl jj^iaLgJl 

^Ss-aJ La jjL>asl 4As-L— a 
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